Google 



This is a digital copy of a book lhal w;ls preserved for general ions on library shelves before il was carefully scanned by Google as pari of a project 

to make the world's books discoverable online. 

Il has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one thai was never subject 

to copy right or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often dillicull lo discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher lo a library and linally lo you. 

Usage guidelines 

Google is proud lo partner with libraries lo digili/e public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order lo keep providing this resource, we have taken steps to 
prevent abuse by commercial panics, including placing Icchnical restrictions on automated querying. 
We also ask that you: 

+ Make n on -commercial use of the files We designed Google Book Search for use by individuals, and we request thai you use these files for 
personal, non -commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort lo Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each lile is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use. remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 

countries. Whether a book is slill in copyright varies from country lo country, and we can'l offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through I lie lull lexl of 1 1 us book on I lie web 
al |_-.:. :.-.-:: / / books . qooqle . com/| 



**■*'"%«.• * -lii - .9. 

- - mm •■ — •* .«./« en 's 

Sii m ';' 

"« .2J. ... o " '2' 

'*'~l5| ! .s". - ,;, 

■ -5- » " .1. «»• U ~.S. 

■ .§. a -st _ •• - 

S *** ,'■^€^'^'S» i - J " ,, *'— '5*5'" 



**• ._■ 


.y. 


*i 


^ 


:|: 


>; 

§ 


*: 






:|: 


»: 












A. * 

3:.-. 





*iS$**ig***^*^ 



:Sf-?- -?- -T- ■?■ ■?■ %rt 
•Ss if 



^mmmm 



-llra,» l - s i Lt -^.^.tt: 



*d ■ ■«■■ rim 



s^^SS 



TrYari 



QA 



\ 



/ 



5. 



1 



^3* 



"M 



K 






I 






■ 



THE 



5 
i 

5 

6 

7 

i 



PHILOSOPHY 



•v 



arithmetic; 

EXHIBITIKQ 

1 A PROGRESSIVE VIEW 

■ 

or THK 

THEORY AND PRACTICE OF CALCULATION, 

WITH 

TABLES FOR THE MULTIPLICATION OF NUMBERS 

AS FAB AS ONE THOUSAND. 

I 

» 'by 

* ^AiJOHN LESLIE, Esq. 

formerly riorzssoft of mathematics, and now or natural raiLosonrr 

l IN THK UN1VR&SITT OF EDINBURGH. 



SECOND EDITION, IMPROVED AND ENLARGED. 



EDINBURGH : 

Printed by Abernethy $ Walker, 

FOR WILLIAM AND CHARLES TAIT, 78. PRINCE'S STREET $ 
AND LONGMAN, HURST, REES, ORME, AND BROWN, 

LONDON. 

1820. 



p 



if 

o 
H 

or 

e 

^ PREFACE. 

I now discharge my promise, by the publication 
of a volume, in which Arithmetic is deduced from 
its principles, and treated as a branch of liberal 
education. The object proposed was not merely 
to teach the rules of calculation, but to train the 
young student to the invaluable habit of close 
and patient investigation. I have therefore pre- 
ferred the analytical mode of advancing, and have 
pursued a road entirely different from that which 
is followed by the common books of arithmetic. 
In seeking to unfold the natural progress of dis- 
covery, I have traced the science of numbers, 
through the succession of ages, from its earliest 
germs, till it acquired the strength and expansion 
of full maturity. This species of history, combin- 
ing solid instruction with curious details, cannot 
fail to engage the attention of inquisitive readers. 

If the execution of this little work, which is the 
result of very considerable research, should at all 
correspond with the importance of its design, it 
may supply a capital defect in our systems of pu- 
blic instruction. Some persons will perhaps com- 
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plain that it takes a wider scope than might an- 
swer all the common objects of tuition. But 
there is yet no royal road to knowledge, and what- 
ever is acquired without effort becomes quickly 
effaced from the memory. Nothing indeed can 
be more fallacious than to look for any solid or 
lasting advantage from the substitution of a 
concise and mechanical procedure. The time 
required -for the study of this treatise could 
scarcely be more beneficially employee^ sinqe it 
will not only rivet in the mind of the pupil the 
theory and enlarged practice of calculation, but 
invigorate, by proper exercise, his reasoning facul- 
ties, and consequently prepare him either for en- 
tering the labyrinths of business, or engaging in 
the higher pursuits of scieoce. 

In this edition, I have introduced considerable 
improvements. The large multiplication table is 
now printed in a more convenient form, and other 
useful tables are inserted in the folding sheet j but 
the most valuable addition that \ have made con- 
sists in the table of quarter-squares, neair the end 
of the volume, which, to a certain extent, per* 
form the multiplication of numbers more expedi- 
tiously than even logarithms themselves. 
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he idea of number, though not the most easily ac* 
quired, remounts to the earliest epochs of society, and must 
be nearly coeval with the formation of language. The 
very savage, who draws from the practice of fishing or hunt* 
ing a precarious support for himself and family, is eager, 
on his return home, to count over the produce of his toil- 
some exertions. But the leader of a troop is obliged to 
carry farther his skill in numeration. He prepares to at- 
tack a rival tribe, by marshalling his followers ; and, af- 
ter the bloody conflict is over, he reckons up the slain, 
and marks his unhappy and devoted captives* If the 
numbers were small, they could easily be represented by 
very portable emblems* by round pebbles, by dwarf shells, 
by fine nuts, by hard grains, by small beans, or by knots 
tied on a string. But to express the larger numbers, it 
became necessary, for the sake of distinctness, to place 
those little objects or counters in regular rows, which the 
eye could comprehend at a single glance ; as, in the actual 
telling of money, it would soon have become customary to 
dispose the rude counters, in two, three, four, or more 
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*2 INTRODUCTION. 

ranks, according as circumstances might suggest. The at. 
tention of the reckoner would then be less distracted, rest- 
ing chiefly on the number of marks presented by each se- 
parate row. 

Language insensibly moulds itself to our wants. But it 
was impossible to furnish a name for each particular num- 
ber : No invention could supply such a multitude of words 
as would be required, and no memory- could ever retain 
them. The only practical mode of proceeding, was to have 
recourse, as on other occasions, to the powers of classifi- 
cation. By conceiving the individuals of a mass to be dis- 
tributed into successive ranks and divisions, a few compo-, 
neqt terms might be ma^e sufficient to express the whole. * 
We may discern around us traces of the progress of nu- 
merations through all its gradations. 

The earliest an4 simplest mode of reckoning was by 
pairs, arising naturally firottt the circumstance of both 
hands being employed in it, for the sake of expedition. It is 
now familiar among sportsmen) who use the nances of brace 
and coupte 9 words that sjgtiify pairing or yoking.*— -To count 
by threes wps another step, though not practised to an equal 
extent It has been preserved* however, by the same class 
of men, under the term leash, meaning the strings by which 
three dogs and no more can be held at once in the hand. 
—The numbering by fours % has had a more extokifeive appli- 
cation : It was evidently suggested by the custom of taking, 
in the rapid tale of objects, a pair ia each hand. Our 
fishermen^ who generally count in this way, call every 
double pair of herrings, for instance, a throw or cast ; and 
the term warp, which, from its German origin, has exact- 
ly the same import, is employed to denote four, in various 
articles of trade. 
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These simple arrangements would, on their first appli- 
cation, carry the power .of reckoning but a very little way* 
To express larger number*, it b^wne necessary to renew 
tne process of classification ; and the ordinary steps by 
which language ascends, firom particular to general objects, 
might point out th4 right path of proceeding. A collec- 
tion of individuals forms * specie^ > a cluster of species 
makes a genus ; a bundle oi genera composes an order ,* a 
group of orders constitutes a dais ; and an aggregation 
of classes may complete a kingdom. Such is the method 
indispensably required in framing the successive distribu- 
tion of the almost unbounded, subjects of Natural History* 
» In following out the classififcation of gurot&rs, it seemed 
easy and natural, after the first step had been tnade, to re- 
peat the same procedure. . If. a heap of pebbles were dis- 
posed in certain rows, it would evidently facilitate their 
enumeration, to break down each of those rows into simi- 
lar parcels, and thus carry forward the successive subdivi- 
sion fill it stopped. The heap, so analysed by a series of par- 
titions, might then be expressed with a very few low num- 
bers, capable of being distinctly retained. The particular 
system adopted for this decomposition would soon become 
clothed in terms borrowed from the vernacular idiom. 

Let us endeavour to trace the steps by which a child or 
a savage, prompted by native curiosity, would proceed in 
classing, for instance, twenty-three similar objects.— 

1. He might be conceived to arrange them by succes- 
sive pairs. Selecting twenty-three of the smallest shells or 
grains he could find, he might dis- 
pose these in too rows, containing •••■•••••••• 

each eleven counters, and one over. 

Having thus reduced the number to eleven^ he might sub- 
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4 INTRODUCTION. 

divide this again, by representing our/ due of die rows, 
with shells twice as huge as before. He 
would consequently obtain two rows of • • • • • 
^w each, with an excess of oar. Instead 
of these shells, were he to employ shells of a double size, 
it would be sufficient to denote one of the rows, # m 
or to dispose H into too rows. These rows eon- #• • 
tain each only too counters, with one remaining. Again, by 
adopting counters of a double size, the last row 
might be represented by one pair, each contain* 
ing only two marks exactly. These again could be deno- 
ted by a single counter, of twice the former di- 
mensions. — Hence the number twenty-three, as 
decomposed by repeated pairing, would be denoted by one 
counter of the fifth order, one of the third, one 
of the second, and another of the first. 

2. Again, suppose a person should attempt to represent 
the same number, by triple rows of sheik 
or counters. He would first have seven 





of the smallest shells in each row, with 

an excess of two. Then, expressing one of the rows by 
shells of three times the size or value, • • 

it would be .gain involved into three J J # 

rows, each containing two counters, with an excess of 
one. But these rows might be repre- 
sented by two counters of triple size ; 
and here the decomposition stops. The number twen- 
ty-three is thus expressed, on the sys- 
tem of triplication, by two counters of 
the third order, one of the second, and 
two of the first. 
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S. Lastly, conceive the number twenty- 

threeto be reckoned by double pairs or qua- • • • • • 
druple rows. Each row would now contain ° 

only Jive counters, with an excess of three. 
But a single raw would express the same as all these four, 
if each counter in it were changed into ano- • 
tier of quadruple size or value ; and, conse- ? 
quently, this row might be again distributed # < • 
into four ranks, each consisting of a single mark, with 
one left. Retain one of these ranks, and substi- 
tute a counter of quadruple tffect, which will ex- 
press the whole amount. Hence twenty-three, analysed 
Jjy the system of double pairs or warps, would 
be represented by one counter of the third or- 
der, one of the second, and three of the first— * * * 
It is easy to conceive how, in other cases, the process of 
decomposition could be carried forward. 

In the ruder periods of society, a gradation of counters, 
accommodated to such a process of numerical analysis, 
was supplied by grains, beans, pebbles, or shells of differ- 
ent sizes. The series of such natural emblems, however, 
is very limited, and would soon confine the range of de- 
composition. To obtain a greater extent, it was neces- 
sary to proceed by a swifter analysis ; to distribute the 
counters, for instance, successively into ten or twenty rows, 
and to make pebbles, sheik, or other marks, having their 
size only doubled perhaps or tripled, to represent values 
increased ten or twenty fold. Beyond this stage in the 
progress of numeration, none of the various tribes disper- 
sed over the vast American Continent seem ever to have 
passed. In the Old World, it is probable that a long 
pause of improvement had ensued among the nations 
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which were advanced to the same point in the arts of life. 
But the, necessity, in such arithmetical notation, of em* 
ploying the natural objects to signify a great deal more 
than their relative size imports, would lead at last to a most 
important step in the ascent. Instead of distinguishing the 
different orders of counters by their magnitude, they might 
be made to derive an artificial value from their rank alone. 
It would be sufficient, for that purpose, to employ marks 
all of the same kind, only disposed on a graduating series 
of vertical bars or columns. The augmented value which 
these marks acquire in rising through the successive bars, 
would evidently be quite arbitrary, depending, in every 
case, on a key to be fixed by convention. Hub point in 
the chain of. discovery was attained by the Greeks at a 
very early period, and communicated to the Romans* 
who continued, during their whole career of empire, to 
practise a sort of tangible arithmetic, which they trans- 
mitted to their successors in modern Europe. 

Such humble expedients might suffice for all the coropur 
tatipns required in the ruder periods of society. But men 
were insensibly led to frame permanent symbols to denote 
numbers by that feeling, which unceasingly prompt* them 
to seek the approbation and applause of their fellows. 
The aspiring leader of a successful band, or the petty 
legislator of a rising community, is anxious to preserve 
the memory of the exploits he performed, or the be- 
nefits be conferred. He is not content with obtaining 
the applause of his contemporaries; this fleeting exist- 
ence is insufficient to fill his imagination ; he looks 
anxiously beyond the grave, and sighs for the admi- 
ration of generations yet unborn. Hence the anxiety 
among all people to erect monuments of high achiever 
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ments or illustrious characters. In the early periods of 
society, a vast mound of earth, or a huge block of stone, 
was the only memorial of any great event. But, after the 
simpler arts came to be known, efforts were made to trans- 
mit to posterity the representations of the objects them* 
selves. Sculptures of the humblest kind occur on monu- 
mental stones in all parts of the world, sufficient to convey 
tolerably distinct images of the usual occupation and em- 
ployments of the personages so commemorated. 

The next step in the progress of society was to reduce 
and abridge those rude sculptures, and thence form combina- 
tions of figures approaching to the hieroglyphical characters. 
At this epoch of improvement, the first attempts to repre- 
sent numerals would be made. Instead of repeating the same 
objects, it was an obvious contrivance to annex to the mere 
individual the simpler marks of such repetition. Those 
marks would of necessity be suited to the nature of the 
materials on which they were inscribed, and the quality of 
the instruments employed to trace them. In the histori- 
cal representations, for instance, which the Mexicans and 
certain Tartar hordes painted on skins, a small coloured 
circle, as exhibiting the original counter, shell, or pebble, 
was repeated to denote numbers. But, on the Egyptian 
Obelisks, the lower numerals at least, are expressed by 
combined strokes. None but straight lines, indeed, are 
fitted for being carved on pillars of stone, or cut on the 
face of wooden posts. Even after the use of Hieroglyphics 
had been laid aside, and the artificial system of alphabetic 
characters adopted, the rectilineal forms were still prefer* 
red } as evidently appears in the Greek and Roman capi- 
tals, which, being originally of the lapidary sort, are much 
older than the small or current letters. The Runic let- 
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ters, in which the Northern Languages of Europe were at 
first engraved, consist almost entirely of simple strokes in- 
serted at different angles. 

The primary numeral traces may, therefore, be regard- 
ed as the commencement of a philosophical and universal 
character, drawn from nature itself, and alike intelligible 
to all ages and nations. They are still preserved, with 
very little change, in the Roman notation ; consisting of 
simple strokes variously combined, whifch were imported 
perhaps before the adoption of the alphabet itself by the 
Grecian colonies that settled in Italy, and gave rise to the 
Latin name and commonwealth. The lower classifica- 
tions of numbers had gradually fallen into disuse, and gi- 
ven place to the more expeditious and convenient system 
of advancing by successive tens, which arose very nattirally 
indeed from the practice common among rude people, of 
counting by their fingers on both hands. Assuming, 
therefore, a perpendicular line | to signify one, another 
such 1 1 would express two, the junction of a third j | J 
three, and so repeatedly till the reckoner had reached ten. 
The first class was now completed, and to intimate this, 
he threw a dash across the stroke or comjnon qnit ; 
that is, he employed two decussating strokes X to denote 
ten. He next repeated this mark, to express twenty, thirr 
ty, and so forth, till he had finished the second class of 
numbers. Arrived at an hundred, he would signify it, by 
joining another dash to the mark for ten, or by merely 
connecting three strokes thus Q. Again, the same spirit 
of invention might lead him to repeat this character, in 
denoting two hundred, three hundred, and so forth, till the 
third class was completed. A thousand, which begins the 
fourth cUss op the ordinary mode of numeration, wa§ 
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therefore expressed by four combined strokes |V|; and 
this was the utmost length to which the Romans first pro- 
ceeded by direct notation. 

But the division of these marks afterwards furnished 
characters for the intermediate numbers, and thence great- 
ly shortened the repetition of the lower ones. Thus, ha- 
ying parted in the middle the two decussating strokes y( 
denoting ten, either the under half A > or the upper half 
y, was employed to signify Jive. Next, the mark £ 
for an hundred, consisting of a triple stroke, was largely 
divided intof"" and |_, either of which represented,^^. 

Again, the four combined strokes |V|, which originally 
. formed the character for a thousand, came afterwards,' in 
the progress of the arts, to assume a round shape f*}, fre- 
quently expressed thus CO' by two disparted semicir- 
cles divided by a diameter : This last form, by abbrevia- 
tion on either side, gave two portions Q\ and |^ to re- 
present^W hundred. 

Theprocess appears easy, therefore, to devise an universal 
character for expressing numbers. But it was a very dif- 
ferent task, to reduce the exhibition of language in gene- 
ral to such concise philosophical principles. This attempt 
seems accordingly to have been early abandoned by all 
nations, except the Chinese. The inestimable advantage of 
uniting together the whole human race, in spite of the di- 
versity of tongues, by the same permanent system of com- 
munication, was sacrificed for the simpler attainment, of re- 
presenting, by artificial signs, those elementary and fugi- 
tive sounds, into which the words of each particular dia- 
lect could be resolved. Hence the Alphabet was invent- 
ed, which, notwithstanding its obvious defects, must ever 
be regarded as the finest and happiest effort of genius* 
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More letters were afterwards added in succession, as the 
analysis of the primary sounds became more complete ; but 
the alphabet had very nearly attained its present form, at 
the period when the Roman commonwealth was extending 
its usurpation over Italy. About that epoch, a sort of re- 
action seems to have arisen between the artificial and the 
natural systems, and the numeral strokes were finally dis- 
placed by such alphabetic characters as most resembled 
them* The ancient Romans employed the letter I, to re- 
present the single stroke or mark for ones they selected 
the letter V, since it resembles the upper half of the two de- 
cussating strokes, or symbol for Jives the letter X exactly 
depicted the doubled mark for ten ; again, the letter L was 
adopted, as resembling the divided symbol (or Jifty ; while 
the entire symbol, or the tripled stroke, denoting an hurt* 
dred, was exhibited by the hollow square £[» *he origi- 
nal form of the letter C before it became rounded over* 
The quadrupled stroke for a thousand was distinctly repre- 
sented by the letter M, and its variety by the compound 
character do, consisting of the letter I inclosed on both 
sides by C and by the same letter reversed; the latter 
portion of this again, or Id, being condensed into the let- 
ter D, expressed Jive hundred* 

. The Greeks, after having communicated to the founders 
of Rome the elements of the numeral characters, which 
are still preserved, again exercised their inventive genius . 
in framing new systems of notation. Discarding the sim- 
ple original strokes, they sought to draw materials of con* 
struction from their extended alphabet. They had no fewer 
than three different modes of proceeding. 1. The letters 
of the alphabet, in their natural succession, were employed 
by them to signify the smaller ordinal numbers. In this 
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way, for instance, the books of Homer's Iliad and Odyssey 
are usually marked. 2. The first letters of the words for 
numerals were adopted as abbreviated symbols. A sim- 
ple and ingenious device was used for augmenting the 
powers of those symbols : any letter inclosed by a line on 
each side, and another drawn over the top thus j~j, being 
made to signify Jive thousand times more. 3. But a mighty 
stride Was afterwards made in numerical notation by the 
Greeks, when they distributed the twenty-four letters of 
their alphabet into three classes, corresponding to units, 
tens, and hundreds. To complete the symbols for all the 
nine digits, an additional appropriate character was intro- 
duced in each class. 

This beautiful system was vastly superior in clearness 
and simplicity to the combinations of strokes, retained 'by 
the Romans, and transmitted by them to the nations' of 
modern^ Europe. It was even tolerably fitted as an instru- 
ment of calculation, to which the Roman numerals were 
totally inapplicable. 

The Greek notation proceeded directly as far as nine 
hundred and ninety-nine ,• but, by subscribing an i6ta or 
short dash under any character, its value was augmented 
a thousand fold ; or by writing the initial letter of my* 
Had, the effect was increased still ten times more* With the 
help of punctuated letters, tlierefore, it reached to ten 
thousand, comprising four terms of our ordinary scale; 
and by means df the subscribed m, it was carried over 
another similar period, or fitted to express a hundred mil- 
lion. But the penetrating genius of Archimedes quick* 
ly discerned die powers, and unfolded the properties, of 
such progressions. He took the square of the limit of the 
common numeral system, or an hundred millions, being ten* 
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thousand times ten-thousand, for the index of a new 'scale 
of arrangement, which therefore advanced by strides eight 
times faster than the simple denary notation. This com- 
prehensive series he proposed to carry as far as eight pe- 
riods, which would hence correspond to a number express- 
ed in our mode by sixty-four digits. 

Apollonius, who, next to the Sicilian philosopher, was 
the most ingenious and inventive of all the ancient mathe- 
maticians, resumed that scheme of numeration which had 
been suffered to lie neglected, simplified the construction 
of its scale, and reduced it to a commodious practice. For 
greater convenience, he preferred the simple myriad as 
the root of the system, which therefore proceeded by 
Successive periods, corresponding to four of our digits. 
These periods were distinguished by breaks or blanks. 

The learned and profound astronomer Ptolemy modi* 
fied this system in its descending range, by applying it to 
the sexagesimal subdivisions of the lines inscribed in a cir- 
cle. He likewise advanced a most important step, by em- 
ploying a small or accentuated a, to supply the place of 
any number wanting in the order of progression. 

The Arithmetic of the Greeks, thus successively mould- 
ed by the ingenuity of their great Geometers, had attain- 
ed a singular degree of perfection, and was capable, 
notwithstanding its cumbrous structure, of performing 
operations of very considerable difficulty and magnitude. 
But those masters of science, rich in their mental re- 
sources, overlooked the advantages resulting from a sim- 
pler mode of arrangement. They had only to ascend 
more slowly, and proceed by tens instead of periods of 
myriads ; that is, to retain as numerals no more than the 
first set of their alphabetic characters, which were already 
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employed with a point or a short dash subscribed to denote 
thousands. This might seem an easy step in the progress 
of invention, but the current of ideas had already flowed 
beyond it. Nor during the ebbing tide that preceded 
the fatal extinction of science among the Greeks, was any 
farther simplification 'Effected, which would have shed a 
pale ray over the evening of that Philosophy which was 
again destined to emerge from the thickest darkness, and 
relume the world. For the knowledge of our system of 
elementary numerals, which may be justly styled the Al- 
phabet of Arithmetic* we are indebted to a people extreme- 
ly inferior to those instructors of mankind* in genius, 
acuteness, and general energy of character. Whether the 
Hindus lighted on that happy contrivance themselves, or 
derived it from their communication with the natives of Up* 
per Asia, there is yet no sufficient evidence to decide. They 
seem, however, to have become acquainted with it nearly 
two thousand jears ago, and to have thenceforth common- 
ly employed that mode of notation. From the Hindus, 
again, their Arabian conquerors appear, about the ninth 
century of our aera, to have received an improvement at once 
so simple and important These industrious cultivators of 
science afterwards imparted the valuable present to their 
countrymen the Moors, who still occupied the finest por- 
tion of Spain. From this centre, it was gradually com- 
municated over Europe. The earliest traces of the nu- 
meral characters among the Christians may be referred to 
the end of the thirteenth century. They were at first in- 
troduced only into almanacs and astronomical tables; but 
their great convenience soon brought them into more gene- 
ral use. Originally those characters were somewhat differ- 
ently shaped from the present ; they had attained, however, 
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their actual forms not long after the invention of the no* 
ble art of printing, or about the commencement of the 
sixteenth century. The digits were now adopted almost 
universally throughout Europe into the practice of Arith- 
metic. Yet vestiges still remained of the performing of nu- 
merical operations by means of counters and other palpa- 
ble emblems. Nor is this rude mode of computation quite 
so contemptible as would at first appear, since the Chi- 
nese continue to employ it \vith success in all their mer- 
cantile transactions. At any rate, it deserves attention, both 
for its connection with the history of science, and its im- 
portance in illustrating the properties of numbers, and 
explaining the grounds of calculation. 

We shall therefore view arithmetic under two very dis- 
tinct forms, that would require separate appellations. 1 . Pal- 
pable Arithmetic, in which the numbers are exhibited by 
counters, or abbreviated representatives of the objects them- 
selves ; and, 2. Figurate Arithmetic, in which the numbers 
are denoted by help of certain symbols, or artificial charac- 
ters, disposed after a particular order. The progress of 
Arithmetic is analogous to that of writing, but it has fol- 
lowed the advances and transitions of this sublime art at 
a great distance. The numeration by counters, balls or 
strokes, evidently resembles hieroglyphics or picture wri- 
ting; while the invention of the alphabet, so happily con- 
trived for the rapid transmission of thought, probably led 
the way to the subsequent discovery of the science of Fi- 
gurate Arithmetic, founded nearly on similar principles. 
These capital divisions of Arithmetic we shall consider in 
succession, pointing out the application of each mode to 
Numeration, and to the several depending operations of 
Addition, Subtraction, Multiplication, and Division. 
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NUMERATION. 

Suppose the objects to be reckoned were so numerous, 
that eighty-six counters might be required to represent 
them. Placed in a single row, these counters would 
only give the very confused idea of multitude. But, if 
counted by pairs, or divided into two rows of forty-three 
each, they would become a little more distinct Were 
every counter now, in each row, to denote a pair f a single 
row of them would have the power of both* Let this row 
be reckoned again by pairs, and it will change into two 
higher rows, each consisting of twenty-one counters, with 
an excess of one. But one of these third rows would be 
sufficient alone, if each counter in it were esteemed equal 
to a pair in the second rows, or tqual to a duplicate pair ' f 
or four in the Jirst row. Again, tell one of the third rows 
over by pairs, and the twenty-one counters will be convert- 
ed into two fourth rows, containing ten each, and one over. 
In like manner, each counter of a fourth row, being con- 
ceived equal to a pair in the third row, or a triplicate pair f 
that is, eight on theirs* row ; a single row, including ten 
of those higher counters, would have the same effect. 
Now these ten would be reduced to a pair of rows of Jive 
Counters each. Let each counter io the Jifth row have the 
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power of two in the fourth row, or of a quadruplicate pair, 
or sixteen in the Jirst row ; an&Jive such counters would 
be sufficient. But/foe would give two pairs of sixth rows, 
one of which might denote the whole, if each counter in 
it were held equal to two in the preceding row, or to a 
quintuplicate pair, or thirty-two on the jirst row. Again, 
the last two counters would be ditided into a single pair 
of a higher order* 

This analysis appears tedious when so detailed, but it 
would proceed with great ease and rapidity in practice. 
The number eighty-six would, therefore, on the system o£. 
successive pairing , be expressed by one sextuplicate pair} 
one quadruplicate pair f one duplicate pair, and one single 
pair. The language appears very uncouth, tnerely from 
its novelty afnd inaptncss to our idiom ; but its elements 
are extremely clear and simple.. If a few cognate words 
had been devised to express the several combinations of 
pairs, or the ascending scale of the powers of two, it would 
have removed every objection. 

This arrangement, whereby a number is analysed into 
certain elements by the operation of distributing it and its 
sections into successive pairs or duads> may be called the 
Binary Scale, of which two is the root or index. This 
scale, resting on so narrow a balsis, expands slowly, and is 
therefore not very fit for expressing large numbers by 
words* But it is well^apted for the simplicity of emble- 
matic exhibition. Suppose marks or counters were placed 
in perpendicular rows or parallel bars, proceeding from 
the right hand to the left, such that a counter on any bar 
should be equivalent to two laid on the bar immediately 
below it Instead of putting the eighty-six counters on 
the first bar, it would be the same thing, to place forty- 



1 

i 
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three on the second bar $ the effect here again would be 
the same as to leave one, and drop twenty-one on tbe 
third bar* Counting these twenty-one also by pairs, we 
should place one on the third bar, and carry ten tothenext* 
But ten, divided into pairs, would leave the fourth bar 
vacant, and throw Jive to the next Hie decomposition 
thus effected would appear as below; where only four 
counters and three blanks are sufficient to exhibit the num- 
ber eighty-six. By this elementary arrangement a very 
distinct idea is conveyed i *nfAinr scam. i 

The eye can easily catch the r^ • i ■ • i I 
picture, and the memory t I T I r r I 
preserve it , > ' 

A similar effect would be produced, though much kiss 
clearly, by the combination of strokes, like the Runic «ctdp- 
tore, dots being employed to indicate the blanks or vn» 
cant terms. — . ~ . — — » 

It is obvious, that this very simple scale would require 
only one set of mark*. These on the ascending bars sig- 
nify two, four, eight, sixteen, &c. ; and the number now 
expressed is divided into sixtyfowr, sixteen, four and tmo* 

Some feeble traces of the Binary Natation are found in 
the early monuments of China. Fouhi, die first Emperor 
and the founder of that vast monarchy, ia venerated in the 
East as a promoter of Geometry, and the investor of a 
science, of which the knowledge has been since lost. Tbe 
emblem of this occult science appears to consist of eight 
separate clusters of three parallel lines or trigrams, drawn 
one above another after die Chinese manner of writing, 
and represented either entire or broken in the middle. 
Those varied trigrams Were called Koua or suspended sym- 
Ms, from the circumstance of their being exposed in the 

c 
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public places. In the composition of such clusters we 
may perceive the application of the Binary Scale, carried 
only to three ranks, or as far as the number eight. The 
entire lines signify one, two or four* according to their or- 
der, while the broken lines are void, and serve merely to 
indicate the rank of the others. 

The Ternary Scale of numeration, which reckons by suc- 
cessive threes or triads, advances with more speed. Thus, 
suppose, as before, that eighty-six were to be exhibited on 
it Counted by threes, or, in the sportsman's phrase, by 
leashes, two counters would be left on the first bar, and 
twenty-eight thrown to the next bar, or that of the simple 
triads. These twenty-eight counters, being again told by 
threes, would leave one on the second bar, and carry nine 
to the third bar, or that of duplicate triads. The nine 
reckoned by three in succession, would now pass over the 
third and fourth bars, and throw one mark to the sixth 
bar; or that of quintuple triads. The original number so 
decomposed, might therefore be de- TERNARy 8CALE . 
nominated one quintuple triad, one 
single triad, and two. It is denoted 
by four counters, as in the mode here 
annexed. Hie number might like- 
wise be readily expressed, though less perfectly, by combi- 
ned strokes and points* — # . _ — 

It is apparent that the Ternary Scale, though more power- 
ful than the Binary, requires two sets of marks or coun- 
ters. In the example now taken, each counter on the 
ascending bars represents three, nine, twenty-seven, or 
eighty -one; and the number itself is consequently divided 
into one eighty-one, one three and two units. 
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Let still the same number be arranged on the Quater* 
nary Scale, which proceeds by Fours or Tetrads* Eighty- 
six, told over by double pairs or warps, would leave two 
counters on the first bar, and cany twenty-one to the next. 
This twenty-one again, reckoned by warps or throws, 
would drop one counter on the second bar, and transfer 
Jive counters to the third bar. The Jive being now count- 
ed, yrould leave one counter on this bar, and carry one 
to the next. The original number quaternary 
would therefore be described as con- scale. 

taining one triplicate tetrads, one dupli- 
cate tetrads, one tetrad and two ; and it 
would be designated in this manner : < I i I JL T^ 

Or, if the less satisfactory mode of strokes were em- 
ployed, one~ hund r vd md simtyjiue would — — — — 
be thus exhibited : ' 

The original number is thus analysed into once sixty* 
Jbur, once sixteen, Jour and two.— Three sets of counters 
would evidently be required to fit this scale for its applica- 
tion. 

The Quaternary Scale may be considered as a duplica- 
tion of the Binary, each bar of the former comprising two 
bars of the latter. It is alleged that the Guaranis and 
Lulos, two of the very lowest races of savages which inha- 
bit the boundless forests of South America, count only by 
fours; at least that they express the number ^t* by Jbur 
tadone, six byfour and two, and so forth. We may likewise 
infer from a passage in Aristotle, that a certain tribe of 
Thracians were accustomed to use. the quaternary scale of 
numeration. If such was the historical fact, that simple 
race must have not advanced beyond the early practice of 
successively by costs or warps. 
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To rite * step father, tot the same i*taib*r be re- 
presented on the Quinary «eofe, which wckans by 4he *- 
rieg ot>tes or pentads. Clawed ki *k way, it w«*H leave 
«w oil the tint tar, and thro* seventeen 
counter* to the second, fold over a- ««WH*ot aCAl*. 
gun, it would teafre Aw) OMinfers tin the ^ ^ (P 
second bar, and carry Mrw-tt* the third. 
£^%-«tfcwouM therefore 1te *«so»i«- 
aated three Quplitete pentads, iwo tingk 
pentads, and one. ft would thus fee denoted r 

This number might also he exhibttied ^ 

on the same scafe by a obWbtoatfoh oF —- — 

strokes. • 

By this <AastfficAttoft, the number etgittfrtix is divided 
mt»4hree-twenty$ves, mojtoes, and ot».-.ikrtxrfor fa- 
de* of the scale being five, it would TequSfe fktr sets of 
«OUHfcew*«adaptitfor pttictice. 

3fee first bar of tire Gjtfaa'y &*fe » actually w* 3 in 
this country *»«fig wbdtesale ttadws. In reckoning at- 
ticles delivered at, the warehouse, the person who takes 
charge of the **fes haV&lg tracesd a long hdrhs»tal line, 
centumes to dtfcw, alternately HU fHI M 
above awl btetow *, a W*p ** M Jit JW **' 
,/wr veronal ttmfcft, eat* set «f ** 1 ™ '■" 
winch *te BHJBsfc by an oblique Wet*, «nd Calls Out «k%-/ 
«s often is the «M«lb«r^« fe completed. 

The ^in«m/ system fcwft* <bun*M!i»t in nature, feeteg 
evidently derived ftbta the pfacdee of counting over the 
fingen «f one hwid. I* appfeaw *ewwihigly, at » certain 
s«aget>f society, to*** ween adopted Wnong dfflferent -na- 
tions. Thus, the Olttaguas and the ZtuttttCMs of Sooth 
America reckon #n*«uly byjfc*% whieh ifcey tell tomds. 
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The ToupifcfWbos, a n*o# ferocious and warlike race that 
iofeabit the wifcU of Brazil, would seem, a<#prdiqg to the 
relation q{ Imp* to.wie the same kind tf numeration, To 

denominate six 9 seven and eight f those tribes only add to 
the-*wd Hand, the ntfiflt* for <wk, *wv /^<, &Q, The 
same mode, a* we \mm from Mungo Park, is practised by 
same African nations particularly the Yojafc and J?oulftk*» 
who derignate tenYyPvQ hauds^Jtft^m by three fonds, and 
so progressively. Thet Q&nary Numeration skeins like- 
wise, at a form** period, to have obtained ii* Persia $ the 
word pentcha, which denotes jfcv, baiug obWHfly derived 
from the radical term jmdj% which Qlgftifies, a A#nrf, 

Suppose eightyn&w to be now disposed in th$ Senary Jfcale, 
which proceeds by successive sixes or hextqds* Parted in- 
to six rows, that number would leave two counters on the 
first bar, and cart fourtemto the next; this fourteen, being 
reckoned by ^es % would drop two cpgfe. 8ENABY su^ut 
tew or the second bar, end; tr*ris&i? ftpo 
to the third bar. The origiqa} number 
would hence be described a* two dupli- 
cate hextads, two single fyextpdf and two. 
It is likewise represented thus by H ZT Zl 
strokes. 

The Senary arrangement has few advantages to recom- 
mend it; yet it seems at one period to have been adopted 
in China, at the mandate of a capricious tyrant, who, ha- 
ving conceived an astrological fency for the number six, 
commanded its several combinations to be used in all con- 
cerns of business or learning throughout his vast Empire. 

When the index of the progressive scale is larger, it of- 
ten becomes inconvenient to place so many counters as 
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are wanted on the same bar. Bat this notation may be 
abridged in the case where the index is an even num- 
ber, by adopting a counter of greater dimensions to sig- 
nify the half of it 

Thus, in the Octaty Scale, which proceeds by succes- 
sive eights or octads, tbe original number would leave sir 
counters on the first bar, and throw ten to the next ; and 
this ten being told over again by eights, would leave two 
counters on the second bar, and carry two to the third. If, 
therefore, the large counter signify half the index, or four t 
eighty-six would be thus denoted. ^ .«„.—*„ 

6 * OCTARY SCALE. 

The number is denominated one dupli- 
cate octad 9 two single octads 9 and six ; 
and it has been decomposed into one six* 
ty-fwr) two eights, and six. 

Suppose now that the Denary Scale of Notation were 
employed. The same number, reckoned by tens or decads, 
would leave six counters on the first bar, and cast eight lo 
the next bar. This arrangement fur- denary scale. 
nisbes the denomination of eight decads, i 

and six ; which is simpler than any of ^fc jU 
the former appellations, and yet it sounds ^f ^F 
uncouth, owing merely to our want of I | 
familiarity with the terms. It would be T I 
marked in this way : y ( 

■ » 

We are thus conducted by successive advances to that 
system of numeration which has prevailed among all civi- 
lized nations, and become incorporated with the very struc- 
ture of language. This almost universal consent clearly 
bespeaks the influence of some common principle. Nor 
is it hard to perceive, that the arrangement of numbers by 
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tjens would naturally flow from the practice so familiar in 
the earlier periods. of society,—- that of counting by the 
fingers on both hapds. The composition of the terms em* 
ployed in the pipre polished tongues of antiquity, how- 
ever, is not easily or clearly traced. But the origin of the 
names imposed on the radical numbers, appears conspi- 
cuously displayed in the nakedness of the savage dialects* 
The Muysca Indians, who formerly occupied the high 
plain of Bogota in the province of Grenada, were accus- 
tomed to reckon Qrst as fyv as ten, which tjiey called qu^ 
hicha or afoot, meaning no doubt the number of toes on 
both feet, with which they commonly went bare and ex* 
posed ; and, beyond this number, they used terms equi- 
valent to foot one, foot two, &c, corresponding to twelve, 
thirteen, &c. Another tribe, like^rise inhabitants of South 
America, the Sabicoqos, call ten, or the root of the scale, 
tmca, and merely repeat the same word, (o signify aji 
hundred and a thousand, the former being termed tunca- 
tunca, and the latter tunca-tunca-tunca. 

Etymology, guided by the spirit of philosophy, fur- 
nishes a sure instrument for disclosing the monuments of 
early conception, preserved, though disguised, in the 
structure of language. Our own dialect, as immediately 
derived from its Gothic stem, betrays a composition not 
less rude or expressive than thp simple articulation qf the 
Sabiconps. The wprds eleven, twelve, &c. anciently sig- 
nified merely one, two, &p. leave ; intimating no doubt that 
one and two are to be kept, while ten, the root of the scale, 
is set aside. Twenty, thirty, &c. meant simply two, three, 
&c. drawings ; importing that so many tens are to be taken 
from thfe heap. An hundred, in the Gothic and Saxon, in- 
timated that ten was to be ten times drawn or told. 
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It is remarkable thai the Peruvian language was ac* 
tually richer in the names for numerals than the polished 
dialects of ancient Rome or Greece. The Romans, we 
have seen, went not farther than milky a thousand ; and 
the Greeks made no distinctive word beyond pvgf«, or ten 
thousand. But the inhabitants of Peru, under the Incas, 
following the Behaty System* had the term hue, to denote 
one; ehtmca> ten ; pachac, one hundred; kuaranca, 4 
thousand 5 and kmu 9 a Million. These words are ei- 
ther original, or have been formed, like our numerical 
terms, by the abbreviation of certain compound expres- 
sions. 

It appears,' frbm an early document, that the Indian 
tribes who surrounded the infant colony of New England, 
used the Denary Scale of arrangement, and had a set of 
distinct words to express the numbers as far as a thousand, 
and could even advance as high as one hundred thousand 
by help of Combined terms* Thus, one they named 
itauit ; ten, pluck / an nvvtfKEX} 9 pdw$ucki and A THOU- 
SAND, mittdnug* But these words are apparently com- 
pound, and wouM doubtless be found to throw much light 
pn the suoject of numeration, if we had any means of ana- 
lysing them. It is likewise asserted, that those savages 
employed grains of corn for numerical symbols, and were 
very expert in computation* 

The Laplanders, in their system of numeration, join 
very significantly the cardinal to the ordinal numbers* 
Thus, to express eleven and twelve, they say auft nubbe 
fokkaif and gauft nubbe lokkai g that is, one to the second 
ten, and two to the second ten. In like manner, to sig- 
nify tiventy-one and twenty-two, those rude people 
use the expressions auft gooalmad lokkai, and goufi gooal- 
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mad lokkai) meaning one added to the third tew, and two 
added to the third ten. This procedure affords a curious 
and very happy illustration of the principle of numeral ar- 
rangement* 

The Duodenary System of arrangement waa introduced 
at a more advanced stage of society. It plainly drew its 
origin from the observation of the celestial phenomenal 
there being twelve months or lunations commonly .reckon- 
ed in a solar year. The Romans likewise adopted that 
index, to mark their subdivision of the unit of measure or 
of weight. 

The mode of reckoning by twelves or dozens baa been 
very generally employed in wholesale business. Nor is its 
application there confined to the first term of the progres- 
sion, but extends to the second or even the third term. 
Twelve dozen, or an hundred and forty four, makes the 
Jong or great hundred of the Northern Nations, or the 
Gross of traders. Twelve times this again, or seventeen 
hundred and twenty-eighty forms the Double Gross. 

ntJOMNABY SCALE, 

Let the same number, eighty-six, as 
before, be reckoned on the Duodenary 
Scale* It contains seven dozen and 
two, and consequently will be repre- 
sented as here annexed. 

Next to the Denary Scale itself, the system of counting 
by progressive scores or twenties, derived from the same 
source, appears to have been the most prevalent. The 
savage who had reckoned the fingers on both hands, and 
then t)ie toes on both feet, amounting to twenty in all. 
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might seem to have reached thfe utmost limit of natural 
calculation. The Guaranis, a very simple and inoffen- 
sive tribe, who live on the shores of the Maranon, are ac- 
cordingly said to proceed no farther in their direct nu- 
meration. When these people want £p Signify an hundred) 
they only place in a tow Jive heaps of maize, each consist- 
ing of twenty grains. The Mexicans, however, being 
more advanced in society, were accustomed to employ the 
higher terms of the same progression, thus combining the 
Denary with the Binary scales. In the ancient hierogly- 
phic paintings of that unfortunate race, units, as far as a 
scare, are exhibited by small balls ; and twenty is denoted 
by a figure, which some authors, and particularly Clavi- 
gero, have mistaken for a club, but which was really a 
small standard or Jlag. In the same curious monuments, 
twenty scores, or four hundred, is signified by a spreading 
open feather ; probably, because the grains of gold, lodged 
in the hollow of a quill, represented, in some places, mo* 
ttey or the medium of exchange. This symbol has, from 
the rudeness of the drawing, been taken at times for a 
pine-apple, an ear of maize, or even the head of a spear ; 
but its application to intimate the duplicate scores is cer- 
tain and invariable. A sack or bag wa& also painted by 
those ingenious people, to represent twenty times twenty 
scores, or eight thousand : It was of the same form as a 
purse called xiquipilli, and supposed to hold eight thou* 
sand grains of cacao. 
The annexed figures, 
copied from Hum- 
boldt's splendid work, 
entitled Vues des Cor- woo 400 

dilleres, exhibit the series of Mexican hieroglyphical nu- 
merals. To avoid the multiplication of the balls, and other 
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symbols, those people sometimes divided the flag denoting 
a score by two cross lines, and coloured the one half of it 
to signify ten, or covered three quarters of it with colour 
to markjifleen. This mode of abbreviating the signs was 
evidently enable of farther extension. 

Traces of numeration by scores or twenties still exist in 
die old continent. The expression three score and ten, in 
our own language, is more venerable than seventy ; and 
the compound quatre*vingts et dix> is the ordinary mode 
in French for signifying ninety. l The inhabitants of the 
province of Biscay, and of Armorica, people descended 
from the ancient Celts, are said to reckon like the Mexi- 
cans, by the powers of twenty > or the terms of progressive 
stores. 

< The principle of numerical scales might likewise be con- 
veniently employed in the exhibition of uniform systems 
of weights and measures. But, for this effect, as many 
distinct sets of ascending objects would be required, as 
one less than the number of units contained in the index 
of each progression. Thus, on the Binary System, one set 
of weights, rising by a successive duplication, is very ge- 
nerally used. If the Denary Scale were preferred, there 
would be wanted no fewer than nine sets of separate 
weights. This number might indeed be reduced to your, 
by employing in combination, besides the single series, 
others having double, triple, and quadruple its value. 

Since, in the notation by numerical scales, the import of 
a counter depends on the position of the bar on which it 
stands, any alteration of the place of units must produce a 
proportional change on the value of the whole amount of 
an expression. Thus, in the Binary classification, the 
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shifting of the fair of units- one place lower, woald, in et 
feet, double all the preceding terms, and a second shift 
would double these again. In like manner* to eamry the 
banning of the scale a bar lower would, in the Dowry 
system, convert the units into tens, the tens into hundreds, 
and the hundreds into thousands ; tfans augmenting the 
whole expression tenfold. On die oontrary, if the unite 
were moved to a bar higher, the amount of any expression 
would, in the Binary scale, be reduced to enntMf, and, 
in the Denary, to the tenth part of its farmer value* 
Hence, to multiply or divide by the index of any scale or 
its powers, we have only to change the names of the bars, 
or to shift the place of the units. 

Hie systems of progressive numeration are hence as well 
adapted to represent a descending as an ascending series $ 
a property which greatly facilitates and simplifies the ex* 
hibition of fractions. Suppose, for example, it weue sough* 
to express thirteen-sixtenths on the Binary Scale* Since 
a counter depressed by four bars 
will signify only the sixteenth of its # ****** scaws. 
original value, so thirteen, reckon* 
ing upwards from the low bar, will 
express the value required. 

, But the analysis of the fraction might be performed 
Otherwise. It Is evident, that thirteen-Uxteenths on th* 
first bar, or the bar of units, are only equivalent to twen- 
ty-six such parts, or one counter and ten-sixteenths placed 
on the descending bar. This excess again corresponds to 
twenty, carried to the third bar, making one counter and 
four-sixteenths. But these four-sixteenths, by successive 
duplication, pass over the fourth bar, and leave a whol* 
counter on the fifth. The result is thus the same as 
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before, and the fraction proposed appears to consist Of 
onckalf, tme+fmrth, and one-sixteenth. 

On the Qjiatermry Scale, this fraction would require 
only two bars, since sixteen is only the second power of the 
Indexjbur* 

But the second ntode of decomposition 
Is, on the whole, simpler* The thirteen- 
sixteenths of a counter on the bar of units, 
are equitalent toffty-too, or three coun- 
ters^ and/bur such parts on the next bar ; 
and these four-sixteenths correspond to 
sixteen, which make a whole counter on 
the third bar. 

To express the fraction on the Senary Scale, more bars 
are wanted. It is now equivalent, on the bar immediately 
after that of units, to seventy-eight-sixteenths, or four coun- 
ters and fourteen parts* This excess corresponds to eighty- 
four, or Jive counters and your parts, on the third bar. 
These four parts again give to the fourth bar one counter 
and eight parts, which correspond to three counters on the 
fifth bar. 

4EHABY ftCAtS. 





4 



Or 

contracted 
thus: 




* 



Let the same fraction be eaqpressed by the process of 
successive decomposition on the Denary Scale. . Ten times 
thirteen-sixteenths 9 or one hundred and thirty parts on the 
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bar immediately below the units, make eight counters 

and two parts. These two parts denary scale, 

are equivalent to twenty parts, or 

one bar and four parts on the 

third bar. Tfiis excess, again, 

gives forty parts, or two counters 

and eight parts to the fourth bar. 

And, lastly, these remaining eight 

parts are represented by Jive counters placed on the fifth 

bar. The fraction thirteen-sixteenths is thus analysed into 

eight-tenths, one hundredth, two thousandths, and Jive ten 

thousandths* 

There is not the same facility, however, in decomposing 
all fractions, and reducing them to the terms of a descend- 
ing scale. It often happens that the expressions for these 
will run through many bars, or even maintain a perpetual 
circulation, without ever drawing to a termination. Sup- 
pose, for example, that three-sevenths were to be represent- 
ed on the Binary Scale : It would correspond to six-se- 
venths for the second bar ; which is equivalent to twelve 
parts, or one counter and Jive parts on the third bar. These, 
again, make one counter and three parts for the fourth bar. 
This bar must therefore leave out the same portion as the 
first bar ; and consequently the same notation will be con- 
tinually repeated at the interval of three bqrs. 
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+11*11+11*11*11+11+ 



&c* 



The same fraction would be thus expressed on the Se- 
nary Scale : 




?:^ , ^g;f s -fi'»»fi's third bar. 
S(j»iir®ijB- t «lgffepf(&, it is ob- 
' '>»KO*o$eOp3l e 3K , $s**|p e incessantly 

, the cir- 

p\ give for the 

(Bnd two parts ; 

)ntcrs and »> 

jlJ! counters and 

r ,^:T'. , «vS'W , .A ne counters 

^■^^J^C^vT s«*?b coun- 

eSS*®: tm patts> or 

l^g^^^^jS^i^^^Ja^ioffiiiffi^gi^Ial recurrence 

■r*vJ;-\j»_v^; -i-'-i*"-: >% .• '*" '*" "*" "•' 

*ls* «B» «W» «S* «ff ■» 
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In a similar way, might compound fractions and num- 
bers of involved denominations be reduced to arithmetical 
scales. Thus, to express thirty-eight pounds sixteen shil* 
lings and tenpence halfpenny, on the Quaternary Scale* 
The integer thirty-eight being analysed, gives two coun- 
ters to the bar of unite, one to ^atbkkary scai*. 
the next higher bar, and two 
to the bar above this. Again, A X 
the fractional parts of *a pound, 
if quadrupled and placed on 
the bar below that of units, 
makes three pounds seven shillings and six pence ; this ex* 
cess, again, carried to the next lower bar, is augmented to 
two pounds and Jive shillings ; and these Jive shillings are 
equivalent to one pound on the third descending bar. 

But it seldom happens that the expression of such com- 
plex quantities terminate so soon, or indeed close without 
circulation. To reduce a fraction to any descending scale, 
may therefore prove a tedious, and often impossible task* 
But the converted expression approximate? rapidly to its 
true value, and a very few terms will be sufficient for eve* 
ry practical use. 

The numerical scales are thus equally fitted by their 
constitution for ascending or descending,— ^-whether for 
exhibiting huge multitudes or the minutest subdivision 
of parts. But men were, in general, very slow to per- 
ceive or to avail themselves of this most valuable though 
distinguishing property of such progressions. The Chi* 
nese are the only people who have lor ages been accna- 
tomed to employ the descending terms of the Denary Scale, 
or to reckon by Decimal parts in all their commercial 
transactions. The same uniform system directs the whole 
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subdivision of their weights! and measures ; an advantage 
of the highest importance, since it gives to the calculations 
of those ingenious traders the utmost degree of simplicity 
and readiness. 



. When the index of a Numerical Scale is large, the 
notation may be conveniently abridged, by marking only 
what counters are wanted to complete any bar, or ren- 
der its expression equivalent to that of an additional 
counter placed on the bar immediately before it. Thus, 
instead of eight counters on a particular bar, it would 
be the same thing, to join one to the preceding bar, and 
put two deficient or open counters in the Denary Scale, 
or four such counters in the Duodenary Scale. For the 
sake of illustration, let 
some of the former ex- 
amples be resumed. The 
number eighty-six, as re- 
presented on the Octary 
Scale, may have the six 
counters on the bar of 
units changed, by substituting two deficient counters, and 
joining another counter to the bar immediately above it, as 
here exhibited. ' 

L II. 




IL 



i 




On the Denary 
Scale, the expres- 
sion for the same 
number will thus 
appear succes- 
sively changed. 




III. 
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The last form of notation, consequently, signifies one 
hundred, ebatmg fourteen. x 
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abbreviated* The first expression is converted into ano- 
ther more commodious one, by changing the counters that 
exceed Jive on any bar- into deficient counters. There is al- 
so the same circulation as before, at the interval of six bars* 

From the application of the same principles, it is easy 
to reduce any number expressed by rows of counters, to its 
original heap. Thus, in the annexed arrangement on the 
Binary Scale, the counter 
on the highest bar is cqui- binary scale. 

valent to two on the next XI J I X X X 
bar, to four on the bar be- ' ' ' 1 T T T 
low this ; and so forth by a repeated duplication, till it leaves 
sixty-four in the bar of units. In like manner, the coun- 
ters on the third and second bars, carried downwards, give 
four and two to the bar of units j and consequently the 
aggregate amount of this decomposition is seventy-one. 

In the Ternary Scale, the corresponding expression is 
thus marked. But the two counters 
on the highest bar correspond to six on Wknary scale. 
the next, to eighteen on the following X X X X 



bar, and to fiftyfour on that of units. X I X I 
The single counter on the third bar is T I T I 
equivalent to nine on the bar of units ; the two lower coun- 
ters are equivalent to six on the same bar, which there- 
fore holds two, six, nine, and Jifty four, amounting in all 
to seventy-one units. 

In the Quaternary Scale, Hie fourth jjuaternary 
and second counters correspond to ' * c * LBw 

sixtyfowr and four, on the bar of w t ' i 
units % which, with the three coun- ■ ' ■ • 
ters already occupying that bar, make 
up seventy-one. 
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Lastly, in the Qmnaty Scab, the fitrnuKY 

two counters ob the third bar would give 8CAUU 

ten to the next, which joined to thc^/for 
eomtera placed on it, would furnish *** 
ycnty, to be annexed to the <»h? occupy 
ing the her of units. 

Numbers thus reduced to their primary elements, might 
be distributed Again into other classes, and consequently 
pranged pn any scale. But in certain cases, they can be 
transferred directly to a higher scale, without undergoing 
such previous decomposition. This will happen, whenever 
some power of the one index becomes equal to a power of 
the other, or when the result of their repeated multipli- 
cation actually coincides. 
Thus, resuming the expres- 
sion of the Binary Scale, if 
the alternate bars were o- 
pifted* and their values 
cast to the bars immediately below them, which are mark- 
ed here with dots, the whole would be converted into 
the Quaternary Scale. The counter on 
the second bar furnishes two to that o* 
units; the counter on the third bar re- 
gains untouched; thejffik bar remains 
vacant, and forms the third in the new 
arrangement ; and the counter op the se- 
venth bar continues unaltered. 

Again, by condensing three bars into one, 
tfie c&presqion of the Binary Scale will be 
Changed into another on the Octqry Scale. 
£{ere the fourth bar transfers its vacuity to 
the second, the seventh bar is converted in- 
to a third, while the counters which occu- 
pied the third and second bars increase the 
number of units to seven. 




QUATERNARY 




OCTARY 
SCALE. 



I 
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In like maimer might any expression on the Ternary, 
he reduced to one on the Nonary, Scale, by condensing 
every pair of bars into a angle bar* On the same prin- 
ciple, the exhibition of a nbmbef by the Quaternary Skate 
would be transferred to the Octary Scale? by reducing the 
import it three bars always to that of two bars, since ,/far 
multiplied three times gives the same result as eight mut 
twice* 



We shall now investigate some general properties of 
those Numerical Scale** Suppose* ill the Binary Progres- 
sion, there was standing but a single counter on a high 
bar. It is obvious, that this counter might be removed, 
and /wo such placed on the inferior bar. But one of these 
might likewise be removed, and two counters substituted 
for it on the bar next lower. The same process could be 
poi-med through any nam- ^^ ^ 

ber of bars, the removed 

countersbeingalwaysmark- 4 4 4 4*4* 
ed by a dot, and the one 
which is finally rejected pla- 
ced on the outside of the last bar with two dots over it* 

It hence appears, that one placed on any bar of the Binary 
Scale, is equal in value to one joined to the sum of a series 
of units running through all the inferior bars. Thus, in 
the example now produced* one counter occupying the 
sixth bar, and therefore indicating the number thirty-two, 
is equal in effect to one annexed to the sum of sixteen, 
eight, four, two, and one* 

Let similar modifications be introduced into the Ter- 
nary Scale. Suppose a single counter to stand by itself, 
all the rest of the ban being empty. It may be taken 
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away, and three counters 
substituted for it on the 
next inferior bar. But one 
of these may be now with- 
drawn, and three others 
placed on the following bar : Of this triplet, the undeiv 
most might again be removed, and three substituted for it 
on the next bar. The same process, it is evident, could 
be repeated, till the change reached the lowest bar, leaving 
out an excess of one, marked by two dots to signify its 
being transferred. — Hence the single counter on the Ter* 
nary Scale is, by successive mutations, converted into two 
rows of counters extending through all the inferior coun- 
ters, and leaving an excess done. Thus, the number two 
hundred and forty-three, the value of a counter placed 
on the fifth bar of the Ternary Scale, is equal to one added 
to double the sum of eighty-one, twenty-seven, nine, three* 
and one, the values of counters occupying all the inferior 
bars. 

In like manner, if a solitary counter in the Quaternary 
Scale be withdrawn 9( /otir coun- 
ters may be substituted on the 
next bar. Remove the under- 
most of these, and set/our more 
on the succeeding bar. Take 
away one of these again, and 
put other four counters on the 
adjacent bar. Proceed in the same way, till the quater- 
nion reaches the last bar, and is reduced to a triplet, by 
the exclusion of one counter.— By this analysis, therefore, 
the simple counter is resolved, with an excess of one, into 
three rows of counters, which run through the whole of 
the lower bars. In the present instance, the number two 
hundred and fifty-six, the import of a counter on the fifth 
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bar of the Quaternary Scale, is equivalent to one joined to 
triple the sum of sixtyjbur, sixteen,four, and one, the va- 
lues of all the succeeding bars. 

It may seem scarcely necessary to pursue this investiga- 
tion farther, but we shall extend it likewise to the Qui* 
nary Scale. A single counter, it *is obvious, may now be 
removed* and Jive substituted for it on the next bar. The 
undermost of these, again, may be 
withdrawn, and Jive placed instead fiuiNABY scaues. 
of it on the following bar. One of ± 
these may then be taken away, and 
Jive substituted for it on the adja- 
cent bar. The same procedure is I ^ X Jk 
repeated to the last bar, leavings/our 1 X X ^ 
rows, with an excess of one counter. 
In the present instance, a single counter on the fourth bar, 
and corresponding, therefore, on this scale to the number 
six hundred and twentyjive, is equivalent to one added to 
Jour times the sum of one hundred and twentyjive, twenty- 
Jive, Jive, and one, the values of all the inferior bars. 

We may hence conclude in general, that if one be ta- 
ken from any power of the index of any numerical scale, the 
remainder will be equal to all the inferior powers repeated 
a$ often as the units in that index diminished by one. 
Wherefore if the counters, reckoned as mere units, be se- 
parated from any compound expression, the whole will be 
converted into as many trains of counters* occupying all 
the inferior bars, as correspond to the index of the'scale dip 
minished by one. Suppose, for » 

, ? . . TERNARY/ SCALE. 

example, the expression here 

noted, which is disposed on 

Jive bars of the Ternary Scale, 

and is equivalent to one hundred 
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and ttveftty-etgkt* By 
cewiTO bar, and placing the ex- 
cluded counters close beside the 
{dace of units, it will be chan- 
ged into this regular but com- 
plex form, which consists of 
two rows of two counters, leav- 
ing out two ; two rows of sin- 
gle counters, leaving out one; 
the two counters on the last bar 
but one redoubled, the final 
Counter being excluded. 



If We omit altogether the six excluded 1 counters, and 
take only the single rows of 
the rest, the result must evi- 
dently express the quotient of 
the remainder by two, or by the 
index of the scale diminished 
by one* Collecting these coun- 
ters on the Ternary Scale mto a 
more compact form, the expression below is obtained; which 
corresponds to eighty-six, or » i i I 

the half of one hundred and 
seventy-two, the original num- 
ber, leaving out the six counters employed in denoting it. 
Another similar property, belonging to numerical scales, 
may be deduced from the combination of the deficient or 
open counters. Let us begin with the Binary System. 
Suppose a solitary counter to occupy the sixth bar. It 
may be removed, if two counters be placed in its stead on 
the next bar. But, without changing their value, we may 
to this pair evidently join another, composed of a full and 
an open counter, which perfectly balance each other. 
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Withdraw the open counter that stands undermost, and 
substitute for it two open counters en the fourth bar* To 
these again, add a balanced 
pair, consisting of an open 
and a full counter. Take 
away the undermost conn* 
ter, set two similar coun- 
ters on the third bar, and 
to this pair annex a fiiU 
and an open counter. By continuing this process, the 
single counter will be decomposed into three rows of coun- 
ters, alternately full and open, with an excluded counter, 
which is open when the number of the bars, as in the 
present case, is even, but full if that number be odd. — 
Thus, thirty-two, the value of the counter on the sixth 
bar, is equal to three times all the inferior alternating bars, 
or the excess of sixteen above eight, joined to the excess 
of four above two f together with one, that is, eleven : 
abating, however, the excluded counter which is here 
open; but thrice eleven, omitting one, is thirty-two. ■ 

Let a similar analysis be applied to the Ternary Scale. 
Change the solitary counter for three counters laid on the 
next bar, and to these join a balanced pair, consisting of 
a full and an open counter. Remove this open counter, 
and substitute three open counters for it on the succeeding 
bar, and to the triplet annex an open and a full counter. 
Take away the foil counter, and place three such counters 
on the following bar. Repeat the procedure, till the first 
bar comes to be occupied ; and ternary scale. 

there will evidently emerge four 1 1 1 1 1 
rows of counters extending J Jl J jl 

through all the inferior bars, I x f ? 

and alternately full and open, i Y • V 

with an excluded counter of ^ Y T Y 
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an opposite character to those which terminate the decom- 
position. In the present instance, where the single counter 
stood on thejifth bar, a counter of the ordinary kind is 
left out. Wherefore the number eighty-one is equal to 
four times the amount of the excess of twenty-seven above 
nine, and of that of three above one, or twenty, together 
with the unit excluded, 

It may be deemed sufficient for grounding a general 
conclusion, to repeat the same process on the Quaternary 
Scale. Instead pf the solitary counter, place Jour coun- 
ters on the next bar, and conjoin with these a balanced 
pair of counters, composed of a full and an open one. Re- 
move the undermost of these, and substitute four open 
counters oh the following bar. 
To these, again, add an open 
and a full counter, which will 
not affect the value of the co- 
lumn. Pursue the operation 
till all the bars are occupied by 
counters, and one excluded. It 
is evident therefore, that, on the 
Quaternary Scale, the decom- 
position of a single counter pro- 
duces Jfci rows of alternating counters through all the in- 
ferior bars, with an excluded counter of an opposite na- 
ture to that of the row which completes the analysis. la 
the example now given, the number two hundred andjtfty- 
six, the value of the counter on thejifth bar, is equal to 
five times the amount of the excess of sixty-four above six- 
teift, and of four above one, or jifty-one, that is, two hun- 
dred and jijly-jive, together with the unit left out, 
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The conclusion may, therefore, be extended to any pro- 
gressive scale : If the value of unit on a separate bar be in* 
creased or diminished by one, according as the rank is even 
or odd, the remainder mil be divisible by one greater than 
the index of the scale, and the quotient will be equal to the 
amount of the value* of unit, as alternating in excess and de* 
fed through all the inferior far*. binar? s^ale, 

The same property, it is i 

evident, could be transfer- #• I #• I #• #• 
red to any compound ex- 
pression : Nothing is want- 
ed but to change the conn- 
tors on each successive bar . 
into, alternating rows.— 
Thus, in the Binary Scale, 
the expression which sig- 
nifies forty-three will be 
converted into another 
composed of triple altera 
noting raws, with an ex* 
elusion of one counter in 
expess, and three in defect, or the balance of two open 
counters. If this arrangement be • ■ ■ ■ 
now diyide4 by three, the result, T i i 9 
after restoring the deficient unit, 
will be as here exhibited. 

By collecting and condensing the counters on each bar, 
the whole will be reduced to an- 
other very simple form ; which 
in&ic&te&Jlfteen, the third part of 
forty-Jive, or of the original num- 
ber, and two counters more. 
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Let another example be selected from the notation 
tf the Quaternary Scale. The 
counters cm these six bars will 
represent the number two thou- 
sand three hundred andjtfty- 
Jbm>. The excluded counters 
will range as here noted ; and, 
consequently, there is on the 
whole an excesl of/our counters 
which must be rejected.—- The 
original number is, therefore, 
reduced to two thousand three 
hundred and fifty, of which 
toe J08* part will be denoted 
by repeating the counter* alter- 
nately full and open on the low- 
er bats. 

This lalt expression being condensed and 
stand as in the first form ; or with fall coanters only, as in 
the second. 




will 



I. 



II. 



tm* 
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The amount of the division by Jive is evidently four htm* 
dred and seventy* 

We may hence conclude generally, that if a number ex- 
pressed on any scale be diminished by the counters on the al- 
ternate bars beginning with that qf units, and augmented 
by the counters on the even bars, the result will be divisible 
by one greater than the index, and the quotient will be re* 
presented by repeating the counters through all the descend* 
ing bars of alternate character. 
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In all these decompositions, we have stopped at the bar 
of units i but if we pursue the analyst* through the ds- 
acending bars, we shall discover trains of equivalent frao- 
lions which never terminate. Thus, to begin with the 
Binary Scale: A counter on the bar of units may be taken 
away, and two counters 
placed instead of it on the SINary scaw. 

following bar. Of this #14A^AAA 
pair, again, one may be I X X X X. X X X °* 
removed, and another pair ' TTTTT7T 
substituted for it on the next lower bar. One of these, 
again, may be withdrawn, and two placed on the fol- 
lowing bar* The same operation of exchange^ it is ob- 
vious, may be repeated for ever* Wherefore, the value 
of a single counter is here the same as that of a, single ro* 
of counters, extending indefinitely over the lower bars* 
But the counter on the bar immediately below the place 
of units, indicates one+half, that on the next one-fourth, 
that on the following bar <mt-ei$ith % and so forth conti- 
nually. Wherefore the sum of the fractions one^half, one- 
fourth, one-eighth, one-sixteenth, extended without limit, 
must always approach to unit or one whole. 

Let a similar transformation be carried through the 
Ternary Scale. Sup- 
pose a half counter to tebnaby scau. 

stand on the bar of +- ^ ^ ^ ^ ^ ^ ^ A *<?» 
units : It may be re- 
moved, and three bajf 
counters, or a whole counter and half of one substituted on 
the next bar. Take away this half counter, and set three 
such, or a counter apd a half, on the succeeding bar * Re- 
peat the same process continually, and the half counter, on 
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the bar of units will be converted into 3 single row of entire 
counters, extending without limitation through all the in- 
ferior bars. But these successive counters signify one-third, 
one-ninth, one-twenty-seventh, &c. Whence the fraction 
one-half is equal to the sum of one-third, onerninth, one- 
twenty-seventh, &c. continued without end. 

In the Quaternary Scale, let the third of a counter oc- 
cupy alone the bar 
of units. It may , quaternary icam. 

^withdrawn, and T . ^ ^ ^ ^ ^ * &c . 
Jour such parts, or 
a whole counter, 
, and the third of one placed in its stead on the next bar. 
This third, again, may be removed, and a counter, with an- 
other third, substituted for it on the following bar. The 
same procedure being repeated, the third part of a coun- 
ter in the place of units will be changed into a row of en- 
tire counters running through all the inferior bars. It 
therefore follows, that the fraction one-third is equal to 
the sum of the infinite series one-fourth, one-sixteenth, one- 
sixty fourth, &c. 

Again, let similar modifications be carried through the 
Quinary Scale. The fourth of a counter on the bar of 
units may be exchanged for Jive such parts, or one coun- 
ter and a quarter on the following bar ; and this quarter 
may now be removed, and jfoe quarters, or one counter 
and a quarter set on the next ban The process of de- 
composition may thus be continued perpetually, leaving 
instead of the fourth 

~ A QUINARY SCALE. 

of a counter, an un- 1 

limited range of A. 4 4 4 ^ 4 4 ^ 
counters stretching |. +. +. + . f. f. 

over the inferior 
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ban. Consequently the fraction one-fourth is equal to the 
aggregate terms of the progression one-fifth, one twenty* 
fifth) one hundred and twenty-fifth) one six hundred and 
twenty fifth f continued without termination. 

From these very simple analyses, we may therefore con- 
clude in general, that the fraction of unit) which has for 
its denominator one less than the index of any numerical 
scale f is equal to the sum of all the descending powers 9 or 
the value of a single row of counters) extending indefinite* 
ly through the inferior bars.— Thus, one-ninth is equal to 
a tenth) a hundredth) a thousandth) &c. or one-eleventh is 
equal to a twelfth part, a hundred said forty fourth) a thou- 
sand seven hundred and twenty-eighth) &c. 

But the summation of a descending series, whose terms 
alternate, may with equal facility be discovered, by in- 
troducing the admixture of deficient counters.— Thus, 
not to multiply examples, suppose on the Ternary 
Scale the fourth part of a counter occupied the bar of 
units. Remove this, and substitute three-quarters) or a 
whole counter abating one-quarter) on the next bar. In* 
stead of this deficient quarter again, place three such, or 
one open counter, con- ternary scale. 

joined with the quarter of I 1 1 1 i i 1 i 
afollcounter) on the sao* j # J 9 9 9 99 9 &c * 
ceedingbar. Repeatthe | T'T rt I't T 
same procedure, and the quarter of a counter yill be trans* 
formed into a single row of counters, alternately lull and 
open, extending without limitation over the lower bars. 
Wherefore the fraction one fourth is equal to the excess 
of the perpetual series one-third, one twenty-seventh) &c. 
above the similar series, one-ninth f one eighty first y &c. • 
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We may hence infer generally, that the fraction of 
divided by one greater than the index qfany numerical scale, 
is equal to the amount of all the descending powers taken 
alternatively as 



Jn all these transformations of fractions* arising from 
the index of the numerical scale, increased or diminished 
by one, the operation is repeated or alternated at each suc- 
cessive bar. But similar changes may be made on fractions 
derived from the same modifications of the powers of tfce 
index, which will regularly circulate along the bars at a 
corresponding interval. Thus, on the Binary Scale, the 
fraction one-third, or the second power of the index two 
diminished by one, will form by decomposition an inter- 
mitting row, or a perpetual circulation, passing over the 
- successive alternate bars. For one-third of a counter oa 
the bar of units is 
equivalent to two- , binary scale. 

thirds on the follow- 1 
ing bar, which a- 
gain are equal to 

m 

jour-thirds, or an entire counter and a third, on the next 
bar. Pursuing the same analysis, a row of counters emer- 
ges on the alternate bars. In reality, if the intermediate 
bars, which here serve only for the transit of the pair of 
thirds, were left out altogether, the notation would pass 
into thai of # the Quaternary Scale, and obey the general 
rule. 

Again, on the same Binary Scale, the fraction one*se- 
venth, or the reciprocal of the third power of two, di- 
minished by one, will be found to circulate at every third 
bar. Thus, one-seventh of a counter on the bar of units 
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gives two such parts for the second baiy/cw for the third 
and eighth, or a whole counter and an excess of one-$e- 
tMtnthfot the fourth counter; and if this kind of dgogpy 
position be carried forward, another counter will appear 
on the seventh bar, a third on the tenth bar •, and so forth 
in perpetual succession. 



i 



BINARY SCALE* 




•&c* 



But the same conclusion might also be drawn from the 
general principle, if we consider that the Binary P ivgrM * 
sion, by omitting always two consecutive bars, is convert* 
ted into the Octaty Scale, 

It is not difficult to perceive, that every fraction is ca- 
pable of being either exactly represented on any given 
scale, or of being denoted by an expression which circa* 
lates after an interval of fewer bars than the denominator 
of the fraction contains unite. In fact, the moment the 
same set of fractional counters comes to appear a second 
time, the whole expression must evidently recur in the 
same order* But all the possible variations or series of 
remainders must ever lie within the number itself, which 
constitutes the divisor. Thus, it was found that the ex- 
pression for any fraction having the denominator seven, 
circulates oh the Binary Scale, at the interval of three bars. 
The same fraction represented on the Quaternary Scale 
«ytfas a like recurrence > but, on the Octary Scale, the ex- 
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pression is renewed at every two bars, while rt does not 
circulate till after passing over six bars, in the Ternary, 
Quaternary, Quinary, and Denary Scales. Employing a 
similar decomposition, it will appear that a fraction, with 
eleven for its denominator, will, in the Quaternary and 
Quinary Scales, circulate on Jive bars, but will embrace no 
fewer than ten bars, by its circulation in the Ternary^ 
Quaternary, Senary, Octary, and Denary Scales. 



Having considered at some length this properties of nu- 
merical scales, and their various transformations, we have 
now to explain the ordinary operations performed on 
numbers themselves. These operations are all reducible 
to two very simple changes,— the conjoining and the se- 
parating of numbers. When two or more numerical ex- 
pressions are conjoined, that is, condensed into a single ex- 
pression, or collected into one sum, the process is called 
Addition. . But when one numerical expression is separa- 
ted or drawn out from another, leaving only a difference 
or remainder, the process is called Subtraction. If the ad- 
dition should be employed merely in repeating the same 
number, it admits of abbreviation, and is then termed 
Multiplication. On the contrary, if the subtraction be li- 
mited to the continued withdrawing of the same number 
from another, the process becomes capable of abridgment* 
and is termed Division. 
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QUATERNARY 
SCALfc. / 



The whole operation consists in collecting and con- 
densing the separate expressions. Beginning with the 
lowest bar, the counters are gathered together, and if they 
exceed the index of the scale, this excess only is retained, 
and one counter annexed or carried to the next bar. But 
if the counters on any bar should Contain the index more 

* ' * 

than once, the number of repetitions is transferred a place 
higher, while the remainder of the reckoning is left as it 
stood. A very few examples will render the mode of pro- 
ceeding quite clear. Let it be required to collect the ex- 
pressions here disposed on the Quaternary Scale, and cor- 
responding to Jour hundred and se- 
venty-two, one hundred and seventy- 
nine; and tibo hundred and thirty. ' 
On the bar of units, Jive counters 
occur, which leave one 9 and advance 
one to represent Jour on the next 
bar. This second bar. now holds 
Jour counters, which, therefore, 
leave it vacant, and furnish one to 
represent ihem on the third bar. 
On this, again, seven counters! ate 
found, leaving three consequently, 
and furnishings counterto the fourth 
bar, which thus com&s to contain 
nine counters. One counter is, 

» ! 

therefore, left, and two carried to the 
counter occupying the highest bar. 
The sum of those three compound 
numbers hence corresponds to eight hundred and eighty-one. 
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Let the same numbers be trans- 
ferred to the Quinary Scale. On 
the bar of units, six counters oc- 
cur, which leave an excess of one, 
and send another to representee 
on the next bar. This second bar 
has now likewise six counters, 
and hence leaves one, and advan- 
ces one to the higher ban The 
third bar, containing ten coun- 
ters, is left vacant, after giving two 
representatives to the fourth ban 
This last bar now holds seven coun- 
ters, or retains two, and sends one 
to the highest bar. The expres- 
sion for the sum corresponds, as 
before, to eight hundred and eighty- 
one. 

Let those numbers be arranged 
on the Denary Scale / they will be 
thus reprbsented. In the bar of 
units, the four lower counters, with 
one of the upper, leave a counter, 
and furnish another to represent 
the two five on the next ban 
This advanced counter, joined to 
the single counters on the second 
bar, make Jive, with an excess of 
three, while the two remaining 
fives give a counter to the high- 
er bar, making likewise Jive coun- 
ters, with an excess of three. The 
Counters on the several bars being 
now collected on the opposite page, 
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give obviously the same result as be- 
fore* 




♦ 
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The working of these examples 
would be generally simplified by 
the judicious application of deficient 
counters. Thus, ii) the first expres- 
sion of the Quaternary Scale, one 
counter being on the highest bar, 
four counters may be taken up, or 
an open one left. The same process 
may be applied to the two Mowing 
expressions; and farther, the last one 
and additional counter being pla- 
ced on the second bar, four coun- 
ters may be taken up from the bar 
of units, leaving two open counters. 
Collecting, therefore, the counters 
on the several bars, and observing 
the opposite effects of the full and the open, there is a ba- 
lance of one counter on the first bar ; the four counters on 
the second bar leave it vacant, apd throw one to the next, 
in which the partial balance gives an excess of three; the 
>pposite counters on the fourth bar leave a balance of one ; 
uid three counters are still found on the highest bar. 

If open or deficient counters be quinary scale* 
adopted in the expressions on the Q O U 
Quinary Scale, the quantities will 
be tjms denoted. The four defi- 
cient counters on the bar of units 
are equivalent to one full counter 
on the same bar, and one taken from 
the next ban Ip the third bar, 
the opposite counters are exactly 
balanced, and in the fourth bar 
there is an excess of two counters. 
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Let the numbers be expressed 
by open counters on the Denary 
Scale. The arrangement will stand 
thus : But, on the bar of units, set- 
ting aside the full and the deficient 
counter, one full counter is left ; on 
the next bar, the three full balance 
three of the open counters, leaving 
another open one ; on the third bar 
the four full counters are equivalent 
to Jive such, with an open ojie. 

The whole amount may be express- 
ed otherwise thus : there being eight 
counters on the second and on the 
third bars, and one counter on the 

• * . t 

first. 



It is more natural, however, and more like the sponta- 
neous practice of uninstructed men, to proceed by succes- 
sive steps, and only conjoin two numbers at the same time. 
Nor is it requisite, in this mode of proceeding, that the 
numbers to be severally added be actually expressed ; it 
may be sufficient, at each advance, to retain theiji mentally* 
Thus, on the Quaternary Scale, the 
first number being represented, 
three counters belonging to the se- 
cond number are to be laid on the 
first bar, none joined to those of 
the second bar, three counters add- 
ed to the one on the third bar, 
leaving it consequently vacant, and 
throwing one to the fourth bar. 
On this fourth bar, there now occur 
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Jour counters, which furnish one 
.counter to the fifth bar, and leave 
the two annexed counters. Again, 
the third number gives ttoo counters r I r I 
to the bar of units, making up Jive, or leaving one counter, 
and carrying another to the next bar, on which the trans* 
ferred counter, with one to be joined to it, make Jour, and 
consequently leaving a void, send a counter to the third 
bar. The third bar having an accession of two counters, 
now holds three, while the two counters of the fourth bar, 
joined to other three, give Jive or leave a counter, and fur- 
nish one to augment those of the fifth bar to three. 



Let the same process be perform- 
ed on the Denary Scale. To the 
two counters on the first bar, nine 
being joined, give eleven, or an ex- 
cess of one, and another carried to 
the next bar, which, by tfye acces- 
sion of seven more, leavesjfoe coun- 
ters, and sends another counter to 
the third bar, where six are now col- 
lected. The third number does not 
affect the bar of units ; it furnishes 
three counters, however, to the Jive 
of the next bar, and two more to 
the six of the third ban 



DENARY SCALE. 




ss 



PALPABLE 



[SUBTRACTION. 



SUBTRACTION 



Is that process by which a number is severed or drawn 
out from another. The number so parted is called the 
Minuend s the one detached from it the Subtrahends and 
what is left: after of the separation forms the Remainder or 
Difference. If the counters representing the minuend ex- 
ceed on each bar those denoting the subtrahend, we need 
only mark the several excesses. But if the minuend have 
fewer counters on any bar than the subtrahend, it will be 
necessary to carry the decomposition farther, by taking a 
counter from the next higher bar, and throwing its value 
to the expression of the other, by joining as many coun- 
ters as there are units in the index of the scale. Suppose 
it were required to subtract nine hundred andjbrty-seven 
from thirteen hundred and ffty-tw>> as thus arranged on 
the Quaternary Scale. Here the object is, without dis- 
turbing the order of the counters, to tell out from those of 
the minuend the expression of the subtrahend, and note 



the residue. As no counter 
appears on the first bar of the 
minuend, a counter is taken 
from the second, which, ha* 
ving the value/our, gives the 
three counters pf the subtra- 
hend, and an excess of one. 
On the second bar there is 
nothing to take away, and 
Consequently the single coun- 
ter now left is placed below. 
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To supply the vacancy of the third bar of the minuend, 
a counter is borrowed from the fourth, and its value 
represents the three counters of the subtrahend, with ft 
surplus of one. The fourth bar is likewise augmented by 
four, by anticipating the counter of the next bar, and gives 
an excess of two. By taking the highest counter again, a 
difference of one is left on the fifth bar. The, whole re* 
mainder expresses four hundred and jvoe ; and, as in die 
process of subtraction, the minuend was only split into 
two portions, so these combined again must form the ori- 
ginal number. 

Let the same operation be repeated on the Senary Scale. 
In this case the two counters of senary scale, 
the minuend, in the bar of units, 
are, by help of one borrowed 
from the higher bar, augmented 
to eighty which gives Jive for the 
subtrahend, and leaves an excess 
of three. On the next bar, the 
two counters now left furnish a 
counter to the subtrahend, and 
another to the remainder. The 
counter on the third bar of the 
minuend, increased by six, the 
value of one that should be 
drawn from the fourth bar, de- 
posits two on the subtrahend, 
and delivers over Jive to the remainder* The counter 
borrowed from the fourth bar is supplied from the six 
counters corresponding to the expression of the highest 
bar ; po tb&tfqur counters are dropped, and one furnished 
to the remainder, which has collectively the same valuQ 
as before. 
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Lastly, suppose this subtrac- 
tion were performed on the 
Denary Scale* The two coun- 
ters on the bar of units being 
augmented to twelve by the 
counter borrowed from that of 
tens, give seven to the minuend, 
with an excess ofjfoe. The Jive 
counters on the bar of tens, re- 
duced now to four, merely sup- 
ply the subtrahend, leaving the 
remainder vacant. On the bar 
of hundreds, the three counters 
increased by the value of the 
higher counter, furnish nine to 
the subtrahend, and leave Jour 
for the remainder. 

These operations may sometimes be conveniently a- 
bridged, by the judicious introduction of open counters; 
the value of the last bar will not be altered. Thus, on 
the Senary Scale, if a full and an open counter be annex- 
ed ; consequently, while the open counter of the subtra* 
hend is supplied, three full counters 
are thrown to the remainder. On 
the second bar the three counters 
give two to the subtrahend, and one 
to the remainder. The single coun- 
ter on the third bar, being combin- 
ed with a full and an open counter, 
supply the two counters below, and 
surrender this excess of an open 
counter. On the fourth bar, the vacuity may be occupied 
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DENARY SCALE. 



by two full and two open counters, and consequently the 
latter go to the remainder. 

On the Denary Scale, the pro- 
cess of subtraction is likewise short- 
ened. The two counters of the bar 
of units having three full and three 
open counters annexed, furnish the 
latter to the subtrahend, and give 
five full counters to the remainder. 
On the bar of tens, the counters 
pf the minuend and of the subtra- 
hend are equal, and consequently 
leave a vacuity. But on the bar of 
hundreds, the three counters with 
a full and an open combined, sur- 
render the latter to the subtrahend, 
and deliver four full counters to 
the remainder. 

In every instance where a counter is borrowed from 
a higher bar, the effect would evidently be unaltered, 
if a counter were added on the same bar to the num- 
ber below. This modification of the 
process is what has been generally 
termed carrying. It is farther illus- 
trated, by operating with open coun- 
ters. Thus, resuming the foregoing 
example, which might be expressed 
in this way on the Octary Scale. Con- 
ceive three full and three open coun- 
ters were placed on the first bar, and 
the latter would evidently go to the 
remainder. Again, on the second bar, 
two open, add two full counters, would 
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throw three full counters tp the re- 
mainder. On the third bar, two of 
the open counters are left in excess; 
and on the fourth bar, there is an ex- 
cess of a full counter.— The result may 
be changed, as here done, into a more commodious form. 

It is obvious from the procedure now followed, that the 
effect would be exactly the same, if the counters of the 
subtrahend, converted into others of an opposite charac- 
ter, were all conjoined with those of the minuend. By 
such 4 change, the operation of subtraction is readily 
transformed into one of addition. 

To illustrate this remark, we 
may tajte any of the former ex- 
amples. Suppose the expressions 
on the Quinary Scale tp.be assu- 
med, but the counters of the sub- 
trahend inverted. The various 
counters on the several bars be* 
ing now collected and balanced, 
would give the annexed result; 
which,beingmodifiedagain,forms 
the remainder of the original sub- 
traction. 




In all these operations, the procedure is alike, whether 
on the ascending or the descending bars. Hence frac- 
tions may be added or subtracted by help of counters^ 
precisely in the same way as integers themselves* It 
would be superfluous, therefore, to produce any examples* 
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MULTIPLICATION 



Is nothing but a process of repeated Addition. When 
the terms, however* to be multiplied are complex, and 
the index of the Numerical Scale is large, the operation 
will admit of being very considerably abridged. It. has 
been already showri, that a number is virtually Multiplied 
by the index of the scale, by advancing its expression one 
bar ; that it is multiplied by the second power of that in- 
dex by advancing it two bars ; and so forth continually, 
according to the progressive powers. Again, if any term 
of the multiplier be great, it is preferable, instead of re- ' 
peating the counters of the multiplicand, to collect them 
mentally, and only to mark the result The ready perform- 
ance of multiplication depends entirely on the right ap- 
plication of these two principles. A few examples will 
elucidate the process. 

Suppose it were required to multiply the number thirty* 
seven by twenty-one, that is, to add twenty-one times together 
the units contained in thirty-Seven. First, let those numbers 
be disposed on the Binary Scale. The counter on the unit bar 
of the multi- 
plier, shows 
thatthewhole 
of the multi- 
plicand is to 
be set down 
once 9 as it 
stands. The 
next count*, 
passing over 
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the vacant bar, indicates by its position, that the whole of 
the upper range of counters must he advanced two bars. 
The last counter intimates a similar advance to be made 
again. These various counters are n&xt collected into a 
single row, which would give by reduction seven hundred 
and seventy-seven. 

Next, let the same numbers b£ arranged oh the Ter- 
nary Scale. Here the 
counter placed oh the se- 
cond bar of the multiplier 
shows that the counters 
of the multiplicand are to 
be carried one bar forward. 
The two counters on the 
third bar, intimate that 
the range of the multipli- 
cand must be doubled, and 
advanced two bars. The 
Counters on the several 
bars being now collected and condensed, give this result, 
composed of three , eighteen, twenty seven, and seven hun- 
dred and twenty-nine : making in all seven hundred and 
seventy-seveft. 

On the Quaternary Stale, 
the process will be simpler, 
and require fewer bars. The 
three successive counters of the 
multiplier show that the mul- 
tiplicand is first to be repeated 
as it now stands, and then at 
the advance of one and two 
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bars. These three successive 
multiplications give for their 
collective amount, thrice two 
hundred and fifty-six, twice 
Jour arid one, or seven hundred 
and seventy-seven, as in the for- 
mer examples. 



By the Qjiinaiy and Senary 
Scales, though fewer bars will be 
required, the operation is on the 
whole a little more complex. A 
single instance may be judged suf- 
ficient Thus, the numbers to be 
multiplied frill, on the Senary Scale, 
be represented by one counter oti 
the first and the third bars, and by 
three counters on the first and se- 
cond bars. Consequently the range 
of the multiplicand must be repeat- 
ed thrice in the order in which it 
stands, and likewise bjr one bar in 
advance. The result is, therefore, 
equal to triple the sum of one, six, 
thirty-six, and two hundred and six* 
teen,ov to seven hundred and seventy*, 
seven* 
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Lastly, left the multiplication of Mlr- 
ty-seven by twenty-one be performed 
on the Denary Scale. The counted 
on the unit bar of the multiplier 

shows that the multiplicand is to be 
set down once in its place, and the 
two counters of the next bar intimate 
that it must likewise be redoubled) 
and placed a bar in advance. But 
the seven counters of the multipli- 
cand, on being doubled, leave four on 
the bar of tens, and send one to the 
higher bar, which, with the other three 
counters of the multiplicand likewise 
doubled, now holds seven. These 
counters being collected, give sevens 
hundred and seventy-seven. 





The process of multiplication is often considerably sim- 
plified by introducing open or deficient counters. Thus, 
resuming the example on the Ternary Scale, the express 



sion of the multiplier is 
changed into a single row 
of counters. The full 
counter on the second bar 
shows that the multipli* 
cand is to be advanced 
by a whole bar, the open 
counter above it indicates 



* i T I 




multiplication.] ARITHMETIC. 



65 






t:ti i 




a similar advance only 

with inverted counters, 

and the highest counter 

intimates that the first operation is merely to be Repeated. 

The several counters are then collected,, anfl again modi* 

fied into the final result. 

In like manner, the example on the 
Denary Scale is thus modified, the seven 
counters on the unit bar of the multipli- 
cand being exchanged for three open 
counters, with a full counter thrown to 
the next higher bar. This multiplicand 
is therefore set, as the multiplier indi- 
cates, down once in the same place, and 
then doubled and shifted a bar higher* 
Six open counters are hence, in the se- 
cond operation, placed on the second 
bar, and eight full ones moved to the 
third. Collecting the several counters, 
the result is eight hundred, abating. 
twenty-three ; that is, seven hundred and 
seventy-seven, as before. 




Let another example in Multiplication be taken* where 
the numbers concerned are rather larger, being seventy- 
eight smdjtfty-seven. Arranged on the Quaternary Scale, 
they will exhibit the form on the following page* Con- 
sequently the multiplicand is to be set down once in 
its place, then doubled and moved a bar higher, and 
next tripled and advanced another bar. In the second opera- 
tion, therefore, the two right-hand counters of the multipli- 
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cand would be changed 
to Jour on the second bar, 
which is hence left void* 
and an equivalent coun- 
ter joined to the doubled 
three, or the six of the 
third bar. On this bar, 
the three of excess are 
placed, and one carried 
to the empty bars above 
it. In the third opera- 
tion, the two units of the 
multiplicand being tori- 
pled, give an excess of 
two, with one thrown to 
the nine of the next bar. 
On this fourth bar, two 
counters of surplus are 
laid, and two more sent 
to occupy the fifth bar. 
All those counters being 
gathered together on their 
several bars, exhibit a re- 
sult which corresponds to 
Jour thousandfow hundred andjorty-six. 
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Suppose the same example 
were transformed to the Qui- 
nary Scale> it is evident that 
here the multiplicand must be 
doubled, commencing at the 
first, and again at the third, 
bar ; and that it must be set 
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down once, beginning at the 
condbar. The doubling of the 
three counters of the multipli- 
cand on th6 first bar, gives a 
counter in efccess* with another 
to the next bar; and thj& same 
process converts the three coun- 
ters of the third bar into one 
counter on that bar, and ano- 
ther on the fourth bar. The 
amount of all these counters 
afford by reduction the same 
product as before. 

On the Senary Scale* the mul- 
tiplicand tnust be successively tri- 
pled, and then repeated two bars 
in advance. The triplication of 
its two highest counters will exact- 
ly fill up the corresponding bar; 
or, what is the same thing, that 
bar will be left void, and a single 
representative counter transferred 
to the next bar higher. The sub- 
sequent collecting of the counters 
requires no condensation, and the 
Whole process in this case becomes 
extremely simple; the first bar 
being vacant, the second, third, 
and fifth being occupied by three 
counters, and the fourth bar hold- 
ing only two. 
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Suppose the same Multiplica- 
tion were performed on the De- 
nary Scale. The eight counters 
on the first bar of the multiplicand 
being repeated seven times, leave 
six, and send Jive counters to the 
higher bar. The seven counters 
again being repeated as often, 
furnish, with the addition of those 
five, an excess otjbur, and throw 
other Jive to the bar of hundreds* 
In the second operation, the eight 
counters repeated j£w times, send, 
without any excess, fowh counters 
to the third bar ; where the seven 
counters being repeated as often, 
give a farther, excess of Jive j and 
transmit three counters to the bar 
of thousands, i Adding together 
those counters, the six counters of 
the first bar, and the Jour of the 
second remain unaltered* while the 
two Jives on the third bar, leav- 
ing the four surplus counters, 
furnish out another to the next 
bar. 







« t 



Lastly, let the proce&s be trans- 
ferred to the Duodenary Scale. 
Here, for the sake of convenience, 
the multiplier and multiplicand are 
made to change places. But the 
nine counters on the first bar of the 
upper number, when repeated six 
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times, give four dozen and sis ; and 
the four counters repeated after, 
make two dozen, or leave the four 
advanced counters, and send Ado to 
the fourth bar. The same opera- 
tion is again renewed with the other 
six counters, And carried a bar high- 
er. < Collecting now the several 
counters on the bars, the product is, 
in mercantile language* two double 
gross, six gross f ten dozen and six ; 
which is equivalent, therefore, to the 
amount of three thousand,fottr hun- 
dred and fifty-six, eight hundred and 
sixty four 9 an hundred and twenty* 
six, making collectively four thou- 
sand four hundred and forty-six. 

Conceive the same operations to 
of deficient counters. On 
the Quinary Scale, the num- 
. bers seventy^eight and fifty- 
seven, will stand thus. The 
former, or the multiplicand, 
is, therefore, firstdoubled, then 
repeated a bar higher, and 
next doubled again and ad- 
vanced two bars. In collect- 
ing the counters, four open 
ones appear on the first bar; 
two open and two fall ones 
produce a mutual balance* ~ 
and Consequently a vacuity 
on the second bar ; eight open 
and one tall counter occupy 
the third bar, leaving a sur- 
plus of two open counters, 
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with another open counter to 
be carried to tbe fourth bar ; 
on which a pair of full coun- 
ters balance another pair 
which are open, and the two 

remaining full counters are reduced to a single one, by 
the open counter annexed to them ; while, on the fifth 
bar, the four open counters are abridged to three, by the 
influence of the full counter immediately above them. 
This amount, after reduction, gives tbe same result as be- 
fore. 

On the Denary Scale, the num- 
bers to be multiplied will assume 
this form. The three open coun- 
ters on the right hand of the mul- 
tiplier intimate that the counters of 
the multiplicand are to be tripled, 
and their characters reversed; which 
gives six fall counters for the first 
and second bars, and three open 
counters for the third. Ag^in* the 

lis full counters of the multiplier 

show thqt all the counters of the 

multiplicand are to be repeated six 

times, and moved a whole bar in 

advance. But the pwo open counters 

repeated so often, give a surplus of 

two, antf transmit one to augment 

the product on the next b^r, which 

acquires three op$n counters, and 

sends another to the fourth bar, 

where the sis full centers is re- 
duced by this junction to Jive. The 

result* of the whole is, therefore, Jive-thousand and forty* 

fix, pbating six hundred* 
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The application of open' or deficient counters will be 
found useful, in varying and simplifying the process of 
multiplication, even where smaller numbers are concerned. 
Thus, to confine our views to the com- 
mon Denary Scale, suppose it were re- 
quired to multiply eight by, seven. The 
former, being two less than ten, may be 
denoted by one counter on the second bar, 
and two open counters on the first ; and the 
latter, being three less than ten, is express- 
ed by one counter on the second, and three 
open counters on the first bar. These o- 
pen counters show that the terms of the 
upper number should be subtracted three 
times; that is, repeated thrice with an op- 
posite character ; which gives six full counters for the first 
bar, and three open ones -for the second. Again, the full 
counter on the second bar indicates that those terms are 
to be repeated unchanged, but placed one bar in advance. 

The combination now made exhibits 
the product. But, instead of the single 
counter on the third bar, substitute two 
fives on the second ; the result will then 
be decomposed into Jive, abating three, 
and five abating two, reckoned as tens, 
together with the counters on ihejirst bar, 
or twice three, considered as units* 

Hence the explication of the method for multiplying 
any numbers under ten, by help of the fingers merely ; 
an arithmetical curiosity, probably communicated by the 
Arabians, but certainly known to the mathematicians of 
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Europeat tlhe period of the revival of science, though lately 
introduced again as a novelty, among other improvements, 
into the practice of elementary schools. In the preceding 
example, beginning at the left, and thence going to the 
right hand, eight finger*, (including the thumb), are count- 
ed, leaving two fingers to 
close. Again, proceeding 
the reverse way, the num- 
ber seven leaves an excess 
of three fingers to be shut on the left hand, as in the a- 
bove disposition of counters. Now, joining the projecting 
fingers of both hands, or Jive abating two, and Jive abating 
three, we obtain Jhe tens, or jijty ; while the product 
of the closed fingers or two times three, gives an accession 
of six units; and consequently the combined result is 
jfaty-six. 

As another example of this mode, suppose it were de- 
sired to multiply nroi by six. These numbers may be se- 
verally expressed by ten abating one, and by ten abating 
Jour. But thenar open counters of the multiplier signify 
that the upper counters are to be changed and then repeat- 
edjour times % while the full counter intimates that those 
counters are, without alteration, to be advanced a whole 
bar. Instead, however, of the single counter on the third 
bar, two Jives may be combined with the open counters on 
the second. But this procedure can be imitated by the 
play of the fingers. Counting nine fingers, beginning with 
the left hand, and passing to the right, we leave one finger 
close ; and again reckoning six, by proceeding from the 
right to the left, we have Jour fingers remaining to close. 
If we now bring together the erect fingers of both hands, 
we shall have, of tens, Jive abating Jour, and Jive abating 
one, that is, Jtfty t together with the product of the shut 
fingers, or Jour units told once. 
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This philosophical trick cannot fail to appear striking to 
young practitioners, and may prove really useful to them, 
by helping to fix thoroughly and accurately in their memory 
the ordinary multiplication table. dehary scale. 
But the same principle might be ex- 
tended farther. Suppose it were re- 
quired to multiply ninety-nine by 
ninety-eight. These numbers are 
merely one hundred, abating respec- 
tively one and two. The two open 
counters of the multiplier signify 
that the counters of the multipli- 
cand are to be doubled and rever- 
sed, while the single full counter in- 
timates that those must also be repeated two bars in ad- 
, vance. The product is, therefore, of hundreds one hundred 
fold, abating Mra>,— together with two units,— that is, 
nine thousand seven hundred and two. 

In this example, the numbers may be conceived as ar- 
ranged on a new scale, which proceeds by hundreds. This 
index is hence diminished by three, their joint defects, to 
denote so many hundreds; while two, the product of those 
defects, exhibits the units to be added. But such, we 
have seen, is the very mode furnished by the fingers on 
both hands, for multiplying the numbers under ten. 

When fractions are expressed on the same numerical 
scale, their multiplication proceeds with equal facility as 
that of integers ; it being only requisite to commence with 
the bar of units, and to descend with the lower bars. Thus, 
if it were sought to multiply Jive and a half by three and 
a quarter. These quantities would' evidently, on the Bi* 
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*«y &afe, be thus ex- 
pressed. If we start 
from the bar of units, 
all the counters of the 
multiplicand must be 
repeated in the same 
position, and the mul- 
tiplications from the de- 
scending bars would 
only be carried by equal = 
gradations to the right # 
hand. To preserve re- 
gularity, therefore, it will be more convenient to begin with 
the lowest counter, which occupies the second descending 
bar. Hence the whole train of the multiplicand is to be 
set down two bars lower. Then the process goes on as 
usual ; that row of counters is repeated two bars in ad- 
vance, and again at the interval of three bars. The coun- 
ters being now collected together, express seventeen and 
seven-eights. 

Let the same mixed numbers be 
represented on the Quaternary 
Scale. Beginning at the right 
hand, the counter on the first de- 
scending bar shows that the whole 
of the multiplicand must be repeat- 
ed one bar lower; and the three 
counters on the bar of units inti- 
mate that it is to be tripled in its 
actual position. The result of the 
summation of the several bars is 
the same as before. 
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Lastly, suppose those quan- 
tities were transferred to the 
Denary Scale. The^re coun- 
ters of the multiplier on the se- 
cond descending bar, show that 
the multiplicand is to be repeat* 
ed as often two bars lower j 
which gives on the descending 
barsjfae for the third bar, seven 
for the second, and two for the 
first The next two counters 
double the range, one bar in 
advance ; and the three highest 
counters triple the whole, at the 
advance of another bar. All 
those counters, again, being col- 
lected together, give for the pro- 
duct, seventeen, with eight hun- 
dred and seventy jive-thousand 
farts. 
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Is the opposite process to Multiplication, and consists in 
finding how often die same number can be separated or 
drawn out from another. In the rudest way, therefore, 
this operation would be performed, by telling over a cer- 
tain number of counters repeatedly from the same heap. 
But instead of a slow process of repeated subtraction, the 
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number to be severed, or the Divisor, may be first multi- 
plied to approach the mass to be shared, or the dividend. 
The remainder can again be treated in the same manner, 
and the operation renewed, till nothing is left of the divi- 
dend, or a difference less than the divisor itself* Those 
multipliers, collected together, will express the quotient, 
or the number of subtractions required to exhaust the mass. 
A few examples shall be selected for illustration. Sup- 
pose two thousand three hundred and forty-six were to be 
divided by twenty-three. Let these numbers be arranged 
on the Ternary Scale, the dividend being the lowermost, 
and space left for put- 
ting the quotient im- 
mediately under the 
divisor. Beginning 
at the left hand, it is 
easy to perceive that 
the divisor is contain- 
ed once in the first 
four bars; place one 
counter then for the 
quotient on the last 
of these bars; set the 
divisor directly be- 
neath the dividend, 
and note the excess, 
which is two counters 
on the sixth bar, and 
two counters on the 
fifth. Of this differ- 
ence, with the next two counters of the dividend brougl 
down, three bars are less than the divisor, but four bars 
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QUATERNARY SCALE 



will evidently contain it twice. Passing over one bar, 
therefore, two counters joined to the quotient are placed 
on the third bar of the range. The divisor is then 
doubled and set down. The remainder of this operation, 
with the two final counters annexed, is exactly the same 
as the divisor, which must therefore be /contained owe ; 
and here the operation terminates, leaving the first bar 
vacant. The quotient is hence by reduction equal to one 
hundred and two. 

Let the same division be 
performed on the Quaternary 
Scale. The divisor is evident- 
ly contained once on the three 
highest bars of the dividend : 
one counter of the quotient is, 
therefore, placed on the fourth 
bar, and the divisor itself set 
down for subtraction. The 
remainder is denoted by three 
counters on the fifth bar, one 
on the fourth, and two brought 
from the dividend to the third 
bar. In this excess, the divi- 
sor is contained twice; it is 
consequently doubled and sub- 
tracted. But the surplus now, 
with the two counters annex- 
ed from the dividend, con- 
tains the divisor once on the 
next bar. The remainder after 
the third subtraction is the 
same as the divisor doubled. 
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Whence two counters are pla- 
ced on the last bar of thedivisor, 
arid the operation closes. The 
quotient is, therefore, equal to 
the amount of sixtyfour, of 
twice sixteen , of four, and of 
two, or an hundred and two. 

Suppose the same opera- 
tion were performed on the 
Denary Scale* Here the di- 
visor being identical with the 
two highest bars of the divi- 
dend is, therefore, contained 
once ; but it is not contained 
at all in the four counters 
brought down from the next 
bar. That bar of the quo- 
tient is consequently left va- 
cant ; but, from the following 
bar, the six counters are 
brought down, forming to- 
gether a number in which the 
divisor is obviously contained 
twice. But the divisor being 
doubled gives the very same 
number, and hence leaves no 
remainder. The collective 
quotient of the divisor is thus 
one hundred and two, as in 
the preceding examples. 
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Lastly, let the process be conducted 
on the Duodenary Scale. To avoid 
prolixity, however, it will answer bet- 
ter in this case to employ the admix- 
ture of open counters. Here the di- 
visor may be assumed as oncte contain- 
ed in the two highest bars of the divi- 
dend. Conceive, therefore, a full 
counter to be placed on the fourth bar, 
and twelve correspondent open ones, 

n making an excess of eight on the next 
bar. There consequently remain on 
that bar seven open counters after the 
first subtraction, to which the three 
full counters are brought down from 
the dividend on the second bar. In 
this deficient quantity, the divisor may 
be considered as contained four times, 
and the quotient is marked by so ma- 
ny open counters. But the counters 
of the divisor being multiplied by these 

four open ofies, give four full counters 
to the second bar, and eight open ones 
to the third. The remainder is hence 
a full counter on the third bar, and 
an open one cm the second, to which 
the six full counters are subjoined from 
the first bar of the dividend. In this 
last surplus, the divisor is contained 
exactly six times, the result of its mul- 
tiplication being six open counters on 
the first bar, and a full counter on the 
third, the second bar being passed 
over; but the open counter on the 
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consecutive counters. At this point, therefore, * circula- 
tion must take place, since the third bar below it cor- 
responds to that of units itself. The same sequence will 
be continually maintained : First an empty bar* then a 
counter, followed by tWo empty bars. — To indicate this 
circle of .renovation, the mark <v» for Aries, the first Sign 
of the Ecliptic, is adopted, as intimating the birth of the 
revolving year ; and, therefore, by extension, the recom- 
mencement or* a periodical cycle. 

Let the same process be transferred to the Quaternary 



Scale. The divisor is contain- 
ed once in the three highest 
bars of the dividend; and 
the subtraction being made, 
there remains one counter on 
the third bar* And three coun- 
ters on the second, to which 
are subjoined on the first bar 
the two counters brought down 
from the dividend. Ill this 
quantity, the divisor is con- 
tained once again ; and one 
counter is left on the second, 
and another on the first bar. 
Now, passing over two bars* 
the divisor is contained three 
times, with the same remain- 
der of two consecutive coun- 
ters. Wherefore the opera- 
tion is continually renewed,' 
and three counters run through 
the whole train of subsequent 
bars. 
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Lastly suppose this division 
were performed on the Quinary 
Scale. The divisor occurs once in 
the first bar of the dividend, and 
titoce again, after an interval of two 
bars, in the remainder. . In short, 
the quotient here is precisely the 
same as the dividend, only placed 
two bars lower. The result is con- 
sequently, as before, jfaf and oneffih. 

In these last examples, the integral part of the quotient 
may be considered as forming a distinct number ; while 
(he remainder of the division constitutes the numerator of 
a fraction, of which the divisor is the denominator, the 
Conversion or development of it along the range of in- 
ferior bars being effected in the way formerly explained 
in treating of Numeration. 



We have thus explained, at some length, the modes of 
performing the four common Rules of Arithmetic, by means* 
of counters. But the most complex calculations in which 
numbers are concerned being all reducible to such element 
tary operations, it seems unnecessary to descend to the de- 
tails generally given, under the various heads of Proportion, 
Pellcmship, Interest, or Exchange. In the application oF 
Arithmetic, however, to Practical Geometry, the process 
ot Extracting Hoots becomes farther indispensable. — This 
Will require sortie explanation. As the repeated multipli- 
cation of the same number by itself, forms its successive 
Powers'; so, in reference to these again, the number which 
generates them is called their Root. To find any power 
of a number is hence an easy operation * but the con- 
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verse of this problem, or the extracting of a root, that is, 
the discovering of the number from whose involution or 
repeated multiplication the given power had arisen, can 
be effected only by a sort of tentative procedure, which id 
in some cases attended with considerable difficulty. We 
shall, therefore* confine our Views at present to finding 
the Sqtlare Root, or the evolving of the Root of the Se- 
cond Power. 

In order to investigate the method of proceeding, 
We have only to consider how the second power of a 
compound number is formed. Conceive this number to 
consist of two members, or to be represented on two con- 
secutive bars of any scale. The same number being 
repeated as a multiplier, it is evident that their pro- 
duct, that is, the square or second power, must, fol* 
lowing the order of the multiplication, consist of the 
square of the first member, the product of it into the se- 
cond, and again this product t>y the second* together with 
the square of this member. Consequently* the square of 
the compound number is analysed into the square of its 
first member, and the product of twice that member join- 
ed to the second, by the same second member. Having 
substracted from the given number, therefore* the square 
of the first member of the root, the remainder is to be di- 
vided by twice that member augmented by the quotient 
itself, to find the second member. But if the division 
should not terminate* it is evident that the process of ex- 
haustion may be still continued ; for, considering the num- 
bers exhibited on the two bars as condensed into one 
group, thfe addition or correction on the following bar is . 
discovered by the same mode of decomposing the residual 
portion. It is fartner evident, from the practice of mul- 
tiplication in the forming of powers, that each bar of the 
root must correspond tb a pair of bars on the square. 



34 



PALPABLE [extraction of 



TERNARY 8CALS. 



The whole procedure in the extraction of the square 
root will be readily understood from a few select examples. 
Suppose it were sought to discover the square root of 
eighteen hundred and forty-nine* This number expressed 
on the Ternary Scale will stand as below, occupying 
partially four pair of bars, noted by so many asterisks* 
Hence the root must likewise be contained on four bars. 
Beginning, therefore, with the two counters of the high- 
est pair, the nearest root is obviously one. A counter 
being hence placed on the fourth bar, its square is sub- 
tracted from those two, and the remainder conjoined 
with the counters brought down from the next pair of 
bars give a single row of three counters. Let this be 
now divided by the double of the first member of the root, 
to discover the second or 
additional member $ but 
before the division is com- 
pleted, annex the quo- 
tient itself to the divisor. 
Wherefore, above the 
counter of the root, and 
on the same bar, place 
two counters, which, be- 
ing contained once in the 
row of three counters to be 
decomposed, set on the 
next bar omcounterfortbe 
soot, and another for the 
divisor. This compound 
is then multiplied by the 
annexed counter of the 
root, and is consequently 
set down two bars higher, 
or beginning with the fifth 
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bar* The subtraction being now performed, there are 
left two counters on the sixth, to which is subjoined the 
next period, consisting of two counters on the third, and 
one on, the second bar. For a third operation, then, the 
two highest bars of the root, viewed as consolidated into a 
single member, are doubled, which is done by repeating 
the counter on the third bar of the divisor, a point on the 
left side of it indicating this accession, as a point on the 
other side of a counter was employed to signify its being 
withdrawn. This new divisor is contained twice in the 
remainder; and consequently two counters are placed on 
the second bar, after the portion of the root already found, 
and after the divisor itself. The divisor being now mul- 
tiplied by those two counters of the root, and subtracted, 
leaves a single counter on the fifth bar, to which is annex- 
ed the two single counters of the last period. To decom- 
pose this remainder, the counters on the three bars of the 
root, considered as forming one cluster, are doubled for a 
final divisor, which is effected by subscribing two doted 
counters below the other two on the second bar. The di- 
visor now occurs only once, and therefore a counter is ah- 
nexed to it on the first bar, and likewise to the root. But 
there is at last no remainder; for the four counters on the 
second bar of the divisor leave one and send one to the 
two counters of the next bar; which being then fall, 
transmit q counter to the fourth bar, whence another 
counter is sent up to the fifth. This complex process of 
extraction is therefore completed, and the root sought is 
the Ternary Expression for the number forty-three. 

Let the number to be extracted be arranged on the 
Quaternary Scale. It will occupy three pairs of bars, and 
consequently its root must likewise stand on three bars. 
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Of the flnfc period, cpupstfgg of a counter on the sixth 
bar, and three cptffitar? -on the fifth, the newest iuferior 
qquar? root is evidently Upo i which being squared, gives 
y^r counters for the fifth bar, or one colter for the 
sixth. There are left after 
the subtraction, three coun- 
ters on the fifth bar, to which 
qre subjoined, on the third 
bar, three counters brought 
down. In this remainder, the 
four counters of the third bar, 
or the first part of the root 
doubled, is contained twice. 
On the second bar, therefore, 
two counters are placed, both 
after the root find after the di- 
visor} which is multiplied by 
theip. The product, express- 
ed by two counters on the fifth 
bar, and one on the fourth, is 
next subtracted^ leaving the 
fourth and third bars each oc- 
cupied by three counters. 
The last period, consisting of 
two counters on the second, 
and one on the first bar, is now 
annexed, to complete the divi-, 
dend. The two first bars of 
the root, considered as a dis- 
tinct group, are likewise dou- 
lied for tjhe divisor, by repeat- 

* 

ing with dots prefixed the two 
counters of the second ban 
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compound divisor is contained thrice ; and, conse- 
quently, having three countere annexed to it, the whole is 
multiplied by the same thrte subjoined likewise to the root. 
The product gives one counter to the first bar, and sends 
two to the next, which hence acquires two counters, and 
transmits three to the third bar, where these three ate 
dropped, and three more conveyed to the fourth bar. 
The operation, consequently terminates, and the root thus 
obtained corresponds, as before, to forty-three. 

Not to multiply illustrations, let the same process be per- 
formed on the Quinary Scale, employing, however, open 
counters for the sake of simplicity* The original number of 
which the root is to be extracted here occupies partially 
three pair of bars. But the three counters of the highest pe- 
riod have two for their nearest superior root* Consequently, 
while too counters' are placed on the third bar as the first 
portion of the root, four counters, being their square, are 
set under those three. Th'e subtraction leaves an open 
counter on the fifth bar, to which is now subjoined ano* 
ther open pounter brought down on the third bar* In this 
remainder the divisor, or doubled member of the root, is 
contained once ; and consequently an open counter is on 
the second bar annexed to that divisor, and likewise to 
the root. But this open counter being multiplied into the 
compound divisor, first changes the open counter above it 
into afidl one, and then converts the four open counters 
preceding it into as manyfdl counters. The subtraction 
therefore leaves an open counter on the fourth bar, and two 
sueh on the third, to which are subjoined a single open coun- 
ter on the first bar. The two highest bars of the root, 
viewed as formipg a distinct member of it, are then dou- 
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Uedj for the divisor ; that is, the 
open counter on the second bar 
is again repeated with a dot 
placed before it But this com- 
pound divisor being now con- 
tained twice in the remainder, 
two open counters on the first 
bar are annexed to the root, and 
again placed above it. The pro* 
duct of the multiplication by those 
two lower open counters consists, 
therefore, of four full counters on 
the first and second bars, and 
eight open counters on the third 
bar, which leave three on that 
bar, and deliver another open 
counter to the fourth. There is, 
however, no remainder $ for an 
open counter joined to the two 
on the third bar of the minuend 
would be balanced by Jive JuU 
ones on the second bar, leaving, 
consequently, another JuU one 9 
which is equivalent to Jive such 
on the first bar where the open 
counter reduces them to Jour 9 the 
very same as in the subtrahend. 

Lastly, in performing this extraction on the Denary 
Scale f the notation at least will be somewhat abbreviated^ 
by adopting open counters. The given number now range* 
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cm two pair of bars ; but of the highest 
period, the nearest root is four 9 the 
square of which, or sixteen, denoted by 
two full counters op the fourth bar, and 
four open ones on the third, being sub- 
tracted, leave two open counters. The 
next period consisting oifhefM coun- 
ters on the second bar, and an open one 
on the first, is then subjoined to the 
two full counters on the third. To ob* 
tain the corresponding divisor, th? four 
counters of the k root are doubled, and 
consequently are expressed, by placing 
two open counters on the same bar, and 
a full one on the third bar. The divisor 
being contained thrice, in this remain- 
der, three coqnters are accordingly pla- 
ced both after that divisor and after the 
root itself. The product of the multi-* 
plicand, though differently expressed, is 
obviously the same as the minuend. The 
operation ends here, and the square root 
sought is consequently yorfy-fArii. 



Xt is easy to perceive, that if the process of decompose 
tlon should not terminate, the extraction of the square 
root may, on the same principles, be pursued through all 
the descending bars, including a pair of those bars at each 
step. But to elucidate more clearly the mode of procedure 
when fractions are concerned, we shall take one or two ex- 
iimples, which involve no integral part. Thus, suppose it 
were required to discover an approximation to the square 
root of the fraction one- third. Represented on the Ternary 
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ference, with the next period subjoined, exhibits three suc- 
cessive counters. The root being now doubled for a divi- 
sor, gives Jour to stand on the second bar, or one on the 
first ; which, being obviously contained once on the re- 
mainder, a counter is, on the third bar, annexed to the 
root, and likewise to the divisor itself. This divisor 
is, therefore, set down two bars lower, and, being sub- 
tracted, leaves a counter on the fourth bar, to which 
the next period is subjoined. Here the modified divisor 
is very nearly contained once again, and leaves an open 
counter on the sixth bar, which admits of no division till 
the two succeeding periods are joined to it. In this com- 
pound quantity the divisor is once found, and consequent- 
ly an open counter on the sixth bar is annexed both to 
the root and to the divisor itself. There is still a small 
remainder ; but the extraction has already been pushed 
so far as to approximate within the five thousandth part 
of the true root 



Such is the natural process of analysing numbers, and 
of variously combining and separating them ; and such 
are likewise the simpler modes of abridging the la- 
bour of computation. From the copious illustrations 
which have been given, it appears that Palpable Arith* 
metic is capable, if skilfully conducted, pf being applied, 
with considerable facility, to a wide range of combina- 
tions. All nations have, accordingly, at different periods, 
employed that symbolical method of Calculation, which 
is indeed perpetuated in the term itself. The Egyp* 
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tians performed their computations merely by the help of 
pebbles ; and so did the Greeks for a lapse of ages. But 
while the latter, as Herodotus acquaints us, proceeded 
in such operations from left to right, always descending 
from the higher part of the number expressed, the for- 
mer used, both in writing and counting, to advance in 
the opposite direction, or from right to left, as still prac- 
tised very generally over the East* In the schools of an* 
cient Greece, the boys acquired the elements of knowledge 
by working on the Abax 9 a smooth board with a narrow 
rim ; so named, evidently, from the combination of the three 
first letters of their Alphabet, and resembling the tablet, 
likewise called A, B, C, on which the children with us were 
accustomed to begin to learn the art of reading. The 
pupils, in those remote times, were instructed to calculate, 
by forming progressive rows of counters, which, accord* 
ing to the wealth or fancy of the individual, consisted of 
small pebbles, of round bits of bone or ivory, or even of 
silver coins. From the Greek and Latin word for & peb- 
ble, comes, in either language, the verb signifying to cam* 
pute* The same board, strewed with fine green sand, a 
colour soft and agreeable to the eye, served equally for 
teaching the rudiments of writing and the principles of 
Geometry. 

To their calculating board, the ancients make frequent 
allusions. It appears, that the practice of bestowing on 
pebbles an artificial value, according to the rank or place 
which they occupied, remounts higher than the age of 
Solon, the great reformer and legislator of the Athenian 
commonwealth. This sagacious observer and disinter* 
ested statesman, who was however no admirer of regal 
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government, used to compare the passive ministers of 
Kings to the counters or pebbles of Arithmeticians, which, 
according to the place they hold, are sometimes most, 
important, and at other times utterly insignificant. The 
Grecian orators, in speaking of balanced accounts, pic- 
ture this termination, by saying that the pebbles were 
cleared away y and none left* It is evident, therefore, that 
the ancients, in keeping their accounts, did not separately 
arrange the credits and the debts, but set down pebbles for 
the former, and took up others for the latter. As soon as 
the board became cleared, the opposite claims were exactly 
balanced.— It may be observed, that the common phrase 
to clear one's secret our accounts, meaning to settle or ad* 
just them, still preserved in the popular language of 
Europe, was certainly suggested by the same practice of 
reckoning with counters, which prevailed indeed until a 
comparatively late period. 

The Romans borrowed their Abacus from the Greeks, and 
never aspired higher In the pursuit of numerical science. To 
each pebble or counter required for that board, they gave 
the name of calculus* a diminutive formed from the word 
signifying a white stone ; and applied the verb calculare 9 
to express the operation of combining or separating such 
pebbles or counters. Hence innumerable allusions by the 
Latin authors. The use of the Abacus* called sometimes 
likewise the Mensa Pythagorica, formed an essential part- 
of the education of every noble youth. £ small box or 
coffer, called a Loculus, having compartments for holding 
tbe calculi or counters, was considered as a necessary ap- 
pendage. Instead of carrying a slate and satchel, as in 
modern times, the Roman»boy was accustomed to trudge 
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to school) loaded with those ruder implements— his arith- 
metical board, and his box of counters. 

In the progress of luxury, tali, or dies made of ivory, 
were used instead of pebbles, and small silver coins came 
to supply the place of counters. Under the Emperors, 
every patrician living in a spacious mansion, and indul- 
ging in all the pomp and splendour of eastern princes* 
generally entertained, for various functions, a numerous 
train of foreign slaves or freedmen in his palace. Of 
these, the librarius or miniculatar, was employed in teach- 
ing the children their letters ; but the notaHus registered 
expenses, the rationarius adjusted and settled accounts, 
and the tabtdarius or calculator, working with his counters' 
.and board, performed what computations might be re- 
quired. 

To facilitate the working by counters, the construction 
of the Abacus was afterwards improved. Instead of the 
perpendicular lines or bars, the board had its surface di- 
vided by sets of parallel grooves, by stretched wires, or 
even by successive rows of holes. It wad easy to move 
small counters in the grooves, to slide perforated heads 
along the wires, or to stick large knobs or round-headed 
nails in the different holes. To diminish the number of 
marks required, every column was surmounted by a short- 
er one, wherein each counter had the same value as five 
of the ordinary kind, being half the index of the t)enafy 
Scale. The Abacus, instead of wood, was often, for the 
sake of convenience and durability, made of metal, fre- 
quently brass, and sometimes silver. Two Varieties of this 
instrument seem to have been used by th6 Romans* Both 
of them are delineated from antique monuments,— the first 
kind by Ursinus, and the second by Marcus Velserus. 
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In the former, the numbers are represented by flattish per* 
forated beads, 
ranged oq pa- 
rallel wires ; 
and, in the lat- 
ter, they are sig- 
nified by small 
round counters 
moving in pa- 
rallel grooves, as 
represented in 
the figure an- 
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nexed. These instruments contain each seven capital di- 
visions, expressing in regular order units, tens, hundreds, . 
thousands, ten thousands, hundred thousands, and millions. 
For the sake of abbreviation, a similar set of shorter 
grooves, following the same progression, but having^w? 
times the relative value, are made to range immediately 
above them. With Jour beads on each of the long grooves 
or wires, and a single bead on every corresponding short 
one, it is evident that any number could be expressed, as 
far as ten millions. 

In the Roman Abacus, the arrangement of the Denary 
Scale is uniformly followed; but there is, besides, a small ap- 
pendage to the subdivisions, founded on the Duodenary Sys- 
tem. Immediately below the place of units, is added a bar, 
with its corresponding branch, both marked 6, beingdesign- 
ed to signify ounces, or the twelfth parts of a pound* Five 
beads on the long wire, and one bead on theshort wire, equi- 
valent now to six, would therefore denote eleven ounces. 
To express the simpler fractions of an ounce, three very 
short bftrs are annexed behind the rest } a bead on the 
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one marked S or 5, the contraction for Semissis, denoting 
half an- ounce ; a bead on the other, which is marked by 
the inverted q, the contraction for Sicilicum, signifying 
the quarter of an ounce ; and a bead on the last very short 
bar, marked *i, a contraction for the symbol 9, or Bin& 
SexluUCy intimating a duella or two-sixths, that is, the third 
part of an ounce.— The second form of the abacus^ here 
delineated, differs in no esssential respect from the first, 
grooves merely supplying the place of parallel wires, and 
coins, or ivory counters, being substituted for the perfora- 
ted beads. 

The Romans likewise applied the same word Abacus, 
to signify an article of luxurious furniture, resembling in 
shape the arithmetical board, but often highly ornamental, 
and destined for a very different purpose,— the relaxation 
and the amusement of the opulent. It was used in a game 
apparently similar to that of chess, which displayed a live* 
ly image of the struggles and vicissitudes of war. The 
infamous and abandoned Nero took particular delight in 
this sort of play, and drove along the surface of the Aba- 
cm with a beautiful quadriga, or chariot of ivory. 

The Chinese have, from the remotest ages, used in all 
their computations an instrument similar in shape and con* 
struction to the Abacus of the Romans, but more complete 
and uniform. It is admirably fitted for representing the 
decimal system of measures, weights, and coins, which 
prevails throughout their vast Empire. The calculator 
could begin at any particular bar, apd reckon, with the 
same facility either upwards or downwards, through the 
whole range, which includes ten bars. This advantage of 
treating fractions exactly like integers, is of the utmost con- 
sequence in practice. Accordingly, those arithmetical nw? 

h 
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chines, of very different sizes, have been adopted by all 
ranks, from the man of letters to the humblest shopkeep- 
er, «id are constantly used in all the bazars and booths 
of Canton and other cities, being handled, it is said, by 
the native traders with a rapidity and address which quite 
astonish the European factors. 

The civil arts of Rome were communicated to other 
nations by the tide of victory, and maintained through the 
vigour and firmness of her imperial sway. But the sim- 
pler and more useful improvements survived the wreck of 
empire, among the various people again restored by for- 
tune to their barbarous independence. In all transactions 
wherein money was concerned, it was found convenient 
to follow the procedure of the Abacus, in representing 
numbers by counters placed in parallel rows. During the 
middle ages, it became the usual practice over Europe for 
merchants, auditors of accounts, or judges appointed to 
decide in matters of revenue, to appear on a covered bank 
or bench, so called from an old Saxon or Franconian 
word signifying a seat. The term scaccarium, a Latinised 
oriental word, from which was derived the French, and 
thence the English, name for the Exchequer, anciently 
indicated merely a chess-board\ being formed from scaccitm, 
denoting one of the moveable pieces in that intricate 
game. The reason of this application of the term is 
sufficiently obvious. 

The Court of Exchequer, which takes cognisance of all 
questions of revenue, was introduced into England by the 
Norman Conquest. Fitz-Nigel, in a dialogue on the sub- 
ject, written about the middle of the twelfth century, says 
that the scaccarhm was a quadrangular table about ten 
feet long and five feet broad, with a ledge or border about 
four inches high, to prevent any thing from rolling over, 
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and was surrounded on all sides by seats for the judges, 
the tellers, and other officers. It was covered every year, 
after the term of Easter, with fresh black cloth, divided 
by perpendicular white lines, or distinctures, at intervals 
of about a foot or a palm, and again parted by similar 
transverse lines. In reckoning accounts, they proceeded, 
he subjoins, according to the rules of arithmetic, using 
small coins for counters. The lowest bar exhibited pence, 
the one above it shillings, the next pounds ,• and the high- 
er bars denoted successively tens, twenties, hundreds, thou- 
sands, and ten thousands of pounds ; though, in those early 
times of penury and severe economy, it very seldom hap- 
pened that so large a sum as the last ever came to be rec- 
koned. The first bar, therefore, advanced by dozens, the 
second and third by scores, and the rest of the stock of bars 
by the multiples of ten. The teller sat about the middle 
of the table $ on his right hand, eleven pennies were heap- 
ed on the first bar, and a pile of nineteen shillings on the 
second ; while a quantity of pounds was collected oppo- 
site to him, on the third bar. For the sake of expedition, 
he might employ a different mark, to represent half the 
value of any bar, a silver penny for ten shillings, and a 
gold penny for ten pounds. 

In early times, a chequered board, the emblem of calcu? 
lation, was hung out, to indicate an office for changing 
money. It was afterwards adopted as the sign of an inn 
or hostelry, where victuals were sold, or strangers lodged 
and entertained. We may perceive, particularly in the 
South, traces of that ancient practice existing even at pre- 
sent. 

The use of the. smaller abacus in assisting numerical 
computation was not unknown during the middle ages. 
In England, however, it appears to have scarcely entered 
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into actual practice, being mostly confined to those few 
individuals, who, in such a benighted period, passed for 
men of science and learning. The calculator was styled, 
in correct Latinity, abacista ; but, in the Italian dialect, 
abbachista, or abbachjere. A different appellation was 
afterwards introduced by the Arabians, who conquered 
Spain, and enrichedHhat insulated country by commend- 
able industry, where they likewise introduced their mathe- 
matical science. Having adopted an improved specie* 
of numeration, to which they gave the barbarous name of 
algarismus, algorismus, or algorithmus, from their definite 
article al 9 and the Greek word for number, this compound 
term was adopted by the Christians of the West, in their 
admiration of superior skill, to signify calculation in ge- 
neral, long before the peculiar method of performing it 
had become known and practised ampng them. The term , 
algarism was corrupted in English into augrim or amgnpn % 
and applied even to the pebbles or counters used in ordi- 
nary calculation. The same word, algorithm, is now ap- 
plied by mathematicians, to express any peculiar sort of 
notation* 

The Abacus, with its symbolical furniture, had been adopt- 
ed merely as an instrument for expediting the process of 
computation. But it became likewise necessary to have 
recourse to some readier and simpler mpde$ of expressing 
numbers. A very ancient practice, though quite arbi- 
trary in its principle, consisted in employing the various 
disposition of the fingers and the hands, to signify the 
numerical series. On this narrow basis, a system was 
framed of very considerable extent. 

By a single inflexion of the fingers of the left hand, the 
Romans proceeded as far as ten ; and by combining ano- 
ther inflexion with it, they could advance to an hundred. 
On the right hand, the same signs being augmented an 
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hundred fold, carried them as far as a thousand, and ten 
thousand j and, by another extension; those signs variously 
referred to the head, 

~~ Ten 



One 



Two 



Three 



Four 



Five 



Six 



Seven 



Eight 



Nine 




mlB 



*r 



Twenty 
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the throat ;— or on ei- 
ther side, to the breast, 
the stomach, the waist, 
or the thigh, were a* 
gain multiplied an 
hundred times, and 
consequently raised to 
the extreme limit of a 
million— Thusy with 
the fingers of the left 
hand, the first set of 
inflexions, as in the 
specimen here annex- 
ed, denoted the nine 
digits, and the se- 
cond set of them re- 
presented the nine 
decads; but, perform- 
ed on the right hand, 
the former disposition of the fingers indicated hundreds, 
and the latter was made to signify thousands. 

In this numerical play, the Romans especially had, 
from constant experience, acquired great dexterity and 
address. Many allusions to the practice are made in the 
writings of their poets and orators ; and, without some 
knowledge of the principle adopted, many passages of the 
classics would lose their whole force. This kind of pan- 
tomime even outlived the subversion of the Western Em- 
pire, and was particularly suited to the slothful habits of 
the religious orders who fattened ort its ruins, and, relin- 
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quishing every manly pursuit, recommended silence as a 
virtue, or enjoined it as a duty. 

These signs were merely fugitive, and it became necea» 
sary to adopt other marks, of a permanent nature, for the 
purpose of recording numbers. But of all the contrivan- 
ces adopted with this view, the rudest undoubtedly is the 
method of registering by tallies, introduced into England 
along with the Court of Exchequer, as another badge of 
the Norman Conquest. These consist of straight well- 
seasoned sticks, of hazel or willow, so called from the 
French verb tattler, to cut, because they are squared at 
each end. The sum of money was marked on the side 
with notches, by the ctitter of tallies, and likewise inscri- 
bed on both sides in Roman characters, by the writer of 
the tallies. The smallest notch signified a penny, a lar- 
ger one a shilling, and one still larger a pound; but 
other notches, increasing successively in breadth, were 
made to denote ten, a hundred, and a thousand* The stick 
was then cleft through the middle by the deputy-cham- 
berlains, with a knife and a mallet ; the one portion being 
called the talfy, or sometimes the scachia, stipes, or tan* 
cia ; and the other portion named the counter-tatty, or 
folium. 

This strange custom might seem the practice of untu» 
tored Indians, and can be compared only to the rude 
simplicity of the ancient Romans, who kept their diary 
by means of lapUli or small pebbles, casting a white peb- 
ble into the urn on fortunate days, and dropping a black 
one when matters looked unprosperous ; and who sent, at 
the dose of each revolving year, their Praetor Maximus 
with great solemnity to drive a nail in the door of the 
right side of the temple of Jupiter, and next to that of 
Minem* the patron of learning, and the inventor of 
numbers. 
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JL he science of number received its capital improve- 
ment in the adoption of a ready and comprehensive system 
of characters, not only qualified to exhibit directly the 
widest range of objects, but also fitted as instruments for 
facilitating every process of calculation. This might ap- 
pear an easy step of advancement from the practice of the 
Abacus, since it was only requisite to devise the few sym- 
bols wanted in expressing the counters that could occupy 
any single bar of the common or denary scale. But the 
simplest and moat valuable discoveries are seldom the first 
achieved. The transition made in the art of writing from 
the use of emblematic figures, to that of arbitrary signs 
chosen to express mefely the sounds of a conventional lan- 
guage, must have, on the whole, contributed to retard the 
progress of numeral notation. The system of characters 
among the Romans, especially after it had changed its pri- 
mitive forms into the letters most analogous, was so complex 
and unmanageable, as to reduce them to the necessity, in 
all cases, of employing the Abacus. The structure of the 
Greek numerals, though founded entirely on the distri- 
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tuition of the alphabet, was more pliant and refineu 
Three sets of letters carried the direct notation to a thou- 
sand; and, by punctuating the first series, its power was 
extended as far as ten thousand, or four places of the de- 
nary scale* To represent the largest numbers, the prin- 
ciple of position, after having been so long abandoned, 
was again resumed, and the same quaternion or period 
of progressive myriads was repeated in continual ascent. 
In this improved arrangement, the value of the characters 
depending on their place or rank, it became essential, to 
mark or fill up the accidental vacuities in the scale of nu- 
meration, and a small 0, insignificant by itself, was accord- 
ingly adopted for that very purpose. 

The system of numerals, thus finally moulded by the 
Greek astronomers, though cumbrous and redundant in 
its structure, had therefore attained a high degree of per- 
fection, and was capable, witn due labour and patience, 
of performing the most complex operations in Arithmetic 
The extent of their alphabet was favourable to the first 
attempts at numeration ; since, with the help of only three 
intercalations, it furnished characters for the whole range 
below a thousand. This very circumstance, however, 
proved a bar to future improvements. The first 1 series <*f 
letters was already distinguished from the two succeeding 
classes, in being employed with subscribed points to de- 
note thousands, and complete the quaternary period. It 
might hence appear as no violent, yet a most important, 
innovation, if only those letters denoting the nine digits 
had been retained, and the rest signifying tens and hun- 
dreds entirely dismissed. By such a change, the arith- 
metical notation of the Greeks would have reached its ut- 
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most term of simplification, and have exactly resembled 
indeed our own. Had the genius of that people not suf- 
fered a fatal eclipse, they must hate soon passed the few 
barriers which remained to obstruct their progress. 

Some writers, misled by very superficial views of the 
subject, have still ascribed the invention of the modern 
numeral characters to the Greeks* or even to the Romdns. 
Both these people, for the sake of expedition, occasionally 
used contractions* especially in representing the fractions 
of weights and measures, which, to a credulous pef user of 
mutilated inscriptions, or ancient blurred manuscripts, 
might appear to resemble the forms of our ciphers, fiut 
this resemblance is merely casual, and very far indeed 
from indicating the adoption of a regular denary notation. 
The most contracted sort of the Roman writing was form- 
ed by the marks attributed to the freedman Tiro, and to 
Seneca the philosopher, while that of the Greeks was 
mixed with the symbols called SigUe ; both of which have 
exercised the patience and skill of our Antiquaries and Di- 
plomatists. In the latter species of characters, were kept 
the accounts of the revenues of the Empress Irene at Con- 
stantinople. The Arabians and Persians likewise employ* 
ed a concise but arbitrary mode of representing the larger 
numbers, by means of abbreviated words, a practice which 
still prevails in the East. The Chaldean astronomers, 
and their successors, in the Lower Empire, although ac- 
quainted with the simple and elegant system of the ancient 
Greek notation, yet preferred in certain cases a sort of 
tachygraphical marks, extremely abbreviated, but entirely 
conventional and arbitrary in their formation. These 
artificial characters were formed merely by a single broad 
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tury of the Christian aera. They cultivated the mathema- 
tical sciences with ardour, but seldom aspired alt original ef- 
forts, and generally contented themselveswith copying their 
Grecian masters. The Cufic letters, resembling the Syriac, 
were introduced a little before the time of Mahomet; 
but the characters used at present, and called Neskhi, 
was invented about three hundred years afterwards. This 
alphabet the Arabians employed to express numbers, ex- 
actly in the same way as the Greeks. The letters, in their 
succession, were sometimes applied to signify the lower of 
the ordinal numbers ; but more generally they were distin- 
guished into three' classes, each composed of nine charac- 
ters, corresponding to units, tens, and hundreds. Though, 
like most of the Oriental nations, the Arabians write from 
right to left, yet they followed implicitly the Greek mode 
of ranging the numerals and performing their calcula- 
tions. For several ages, they hired Christian scribes to 
keep their accounts ; and Walid, Khalif of Syria, pro- 
hibited any other marks for numbers to be used than those 
of the Greeks. With the same deference, they received 
the other lessons of their great masters, and very seldom 
hazarded any improvement, unless where industry and 
patient observation led them incidentally to extend Men- 
suration, and to rectify and enlarge the basis of Astronomy. 
The Arabians might have received their information of 
the Hindu mode of notation through the medium of the 
Persians, who spoke a dialect of their language, had embra- 
ced the same religion, and were, like them, inflamed by 
the love of science and the 

spirit of conquest The Ara- V T T T6T V A 9 !♦ 
bic numerals, here annexed, l 2 9 10 

though derived apparently from the inversion of the San* 



ARITHMETIC. 109 

sent digits, resemble more strikingly the Persic, which are 
now current over India, and there esteemed the fashion- 
able characters. But the Persians themselves, though 
no longer sovereigns of Hindostan, yet discover their 
superiority over the feeble Gentoos, since they gene- 
rally filled the offices of the revenue, and enjoyed the 
reputation of being the most expert calculators in the 
East. It should be observed, however, that, according 
to Gladwin, these accountants have introduced a peculiar 
contracted mode of registering very large sums, partly by 
the numeral characters, and partly by means of symbols 
formed with abbreviated words, somewhat analogous to 
the Chaldaic marks. 

The Indian origin of the denary numerals is farther 
confirmed, by the testimony of Maximus Planudes, a monk 
of Constantinople, who wrote, about the middle of the 
fourteenth century, a book on Logistics, or Practical Arith- 
metic, entitled, " The great Indian Mode of Calculating" 
In the introduction, he explains concisely the use of the 
characters in notation. But Planudes appears not to have 
received his information either directly from India, or 
through the channel of the Persians, the nearest neigh- 
bours on the eastern confines of the Greek Empire. It 
is most probable that he was made acquainted with those 
numerals by his intercourse with Europe, having twice 
visited, on a sort of embassy, the Republic of Venice ; for, 
of two manuscripts preserved in the library of St Mark, 
the one has the characters of the Arabians, and the other 
has that variety which was first current in Europe, while 
neither of them shows the original characters used in Hin? 
dostan. 

Jt is a more importanfinquiry tp ascertain the periocl 
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when our present numerals were first spread over Europe. 
As it certainly preceded the invention of printing, the di£> 
ficulty of coming to a clear' decision is much increased, by 
the necessity of examining old and often doubtful ma* 
nuscripts. Some authors would date the introduction of 
those ciphers as early as the beginning of the eleventh 
century, while others, with far greater appearance of rea- 
son, are disposed to place it two hundred and fifty yean 
later. 

While the thickest darkness brooded over the Christian 
world, the Arabians, reposing after their brilliant con- 
quests, cultivated with assiduity the learning and science 
of Greece. If they contributed little from their native 
stores, they yet preserved and fanned the holy fire. Nor 
did they affect any sort of concealment, but freely com- 
municated to their visitors that precious knowledge which 
they had so zealously drawn from different quarters. 
Some of the more aspiring youths in England and France, 
disgusted with the wretched trifling of the Schools, resort- 
ed for information to Spain ; and having the courage to 
subdue the rooted abhorrence entertained in that age 
against the infidels, took lessons in philosophy from the 
enlightened Moors. The great objects of study were the 
Algorithm and the Almagest, terms derived from the Greek 
with the Arabic definite article prefixed to them ; the for- 
mer including the rules of Arithmetic, and the latter com- 
prehending the principles of Astronomy. 

Among the earliest of those who performed such a pil- 
grimage, was the famous Gerbert, born of obscure parents 
at Aurillac, in Auvergne, but promoted by his talents, from 
the condition of a monk, successively to the Bishoprick of 
Bheims and of Ravenna, and finally elevated to the Papal 
Chair, which he filled during the last four years of the 
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tenth century, under the name of Sylvester II. This ar- 
dent genius studied Arithmetic) Geometry, and Astronomy 
among the Saracens ; and on his return to France, char- 
ged with various knowledge, he was esteemed a prodigy of 
learning by his contemporaries; nor did the ignorance 
and malice of his clerical brethren fail to represent him as 
a magician, leagued with the Powers of Darkness. Ger- 
bert wrote largely on Arithmetic and Geometry, and gave 
rules for shortening the operations with the Abacus* In 
some manuscripts, the numbers are expressed in ciphers; 
but they had evidently crept in through the licence of 
transcribers, and it would be most unwarrantable thence 
to conclude, as many writers have done, that Gerbert had 
actually the merit of introducing those characters into 
Europe. The same remark will extend likewise to our 
celebrated countrymen, Roger Bacon, and John of Hali- 
fax, or Holywood, and therefore styled Sacro-Bosco in the 
rude Latinityof that age, who flourished indeed about three 
centuries later, but must have derived their information, 
though perhaps not directly, from the same source. Bacon 
wrote on the reformation of the kalendar, yet he has 
given no proofs of his acquaintance with the denary nota- 
tion. Sacro-Bosco composed a treatise on the Sphere, 
which was long held as a standard work in the Schools. 
In the latter copies of that book, numeral characters had 
been sometimes inserted. 

The Digital Arithmetic, conjoined with the higher art 
of Algebra, seems to have been first brought into Europe 
by the zeal of Leonardo Bonacci, of Pisa, a wealthy mer- 
chant who traded to the coast of Africa and the various 
ports of the Levant Commercial speculations having 
tempted him frequently to visit those countries, he wa% 
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induced, by the love of knowledge, to study thoroughly 
the science of calculation among the Arabians. On his 
return to Italy in 1202, this meritorious person com- 
posed an Arithmetical Treatise, which he greatly en- 
larged in 1228. But typography had not yet lent it* 
magic aid to the multiplication of thought, nor do the 
Tuscans, though long reputed the best calculators in 
Italy, and consequently in Europe, and to whom we owe 
the method of Book-keeping, appear to have derived their 
skill from an acquaintance with the writings of BonaccL 
His manuscript had lain more than, two centuries neglect- 
ed, till Lucas Paccioli, or de Burgo, instructed chiefly by 
its perusal, published, successively between the years 1470 
and 14-94-, the earliest and most extensive printed treatise 
on Arithmetic and Algebra. 

The term cifer, or more correctly sipker t as appro*, 
priated to the digital characters, is an Arabic word in- 
troduced by the Saracens into Spain, signifying to enume- 
rate. There is little doubt that the Arabic figures were first 
used by astronomers, and afterwards circulated in the 
almanacs over Europe. The learned Gerard Vossius 
places this epoch about the year 1250 ; but the judiciou* 
and most laborious Du Cange thinks that ciphers were 
unknown before the fourteenth century ; and Father Mabil- 
lon, whose diplomatic researches are immense, assures us, 
that he very rarely found them in the dates pf any writings 
prior to the year 1 400* Kircher, with some air of pro- 
bability, seeks to refer the introduction of our numerate 
to the astronomical tables which, after vast labour and ex- 
pense, were published by the famous Alphonso, King of 
Castile, in 1252, and again more correctly four years 
afterwards. But it is suspected, on very good grounds, 
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that, in the original work, the numbers were expressed 
by Roman or Saxon letters. 

In the drckeologia, there is given a short account of 
an almanac preserved in the library of Bene't College, 
Cambridge, containing a table of eclipses for the cycle be- 
tween 13S0 to 1 348. It has prefixed to it a very brief ex- 
plication of the use of numerals, and the principles of the 
denary notation; from which may be seen how imper- 
fectly the practice of those ciphers was yet understood. 
The figures are of the oldest form, but differ not materially 
from the present, except that the four has a looped shape, 
and thejft* and seven are turned about to the left and to 
the right The one, t*k>, three, and four, are likewise, 
perhaps for elucidation, represented by so many dot?* 
thus, . . . .*.:*.; while Jive, six, seven, and eight, are 
signified by a semicircle or inverted 3 with the addition 

of corresponding dots — q 3- t O •*• &* ne * 8 ^ e " 
noted by o; ten by the same character, with a dash 
drawn across it ; and twenty, thirty, or forty, by this last 
symbol repeated. 

As a farther evidence of the inaccurate conceptions 
which prevailed respecting the use of the digits in the 
fourteenth century, we may refer to the mixture of Saxon 
and Arabic numerals copied from some French manu- 
scripts by Mabillon. The or- ^ ?x . 

dinary series is thus express- ' ^ ' * * 
ed, the Saxon % being here employed to denote ten, and 
repeatedly combined with the common digits ; nay, Xf% 
and ftp are immediately followed by 302 and 303, which 
were therefore intended to signify thirty-two ffad thirty- 
three, the force of the cipher not being yet rightly under- 
stood.— It should be observed, that the Greek Episimon 
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or Fau f for the number mr, had come to be represented 
by a character similar to G. 

One of the oldest authentic dales expressed in numeral 
characters is that of the year 1 $75, which seems to have been 
written by the band of the famous Petrarch on a copy of 
St Augustm, that had belonged to that distinguished Poet 
afnd Philosopher. The use of those characters was only 
beginning to spread in Europe, and still confined to men of 
learning. A little tract in the German language, entitled, 
Be A$gori$me> and bearing the date 1390, explains* with 
great brevity, the digital notation and the elementary rules of 
Arithmetic. At the end of a short Missal, similar directions 
are given in verse, winch, from the form of the writing, may 
be judged to belong to the same period. Here annexed 
is a correct fite simk of the / 

digits themselves, with the &$'$-M J i&}>*V 
modern figures placed below 

them; but what is very remarkable, the characters in 
both manuscripts range from right to left, the order which 
the Arabians would naturally follow. 

It was not very easy to comprehend at first the precise 
force of the cipher, which, insignificant by itself, only 
serves to determine the rank and value of the other di- 
gits. A sort of mystery, which has imprinted its trace on 
language, seemed to hang over the practice of numera- 
tion, for we still speak of deciphering, and of writing in 
cipher, in allusion to some dark or concealed art. After 
the digits had come to supply the place of the Roman 
numerals, a very considerable time probably elapsed be- 
fore they were generally adopted in calculation. The 
modern practice of arithmetic remained unknown in Eng- 
land, till about the middle of the sixteenth century; and 
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the lower orders* imitating the clerks of ft former ag% were 
still accustomed to reckon by the help of their atugtyut 
stones. In Shakespeare comedy of the Winter's Tale t 
written at the commencement of the seventeenth century, 
the clown, staggered at a very simple multiplication, ex- 
claims that he must try it with counters. 

It cannot be doubted, that the kaleadars composed in 
France or Germany, and sent to the different religious 
houses, were the means of dispersing the knowledge of 
Arabic numerals over Europe. In the library of the 
University of Edinburgh, there is a very curious almanac* 
presented to it, with a number of other valuable tracts* 
by the celebrated Drummond of Hawthornden* beauts* 
fully written on vellum, with mos£ of the figures pencilled 
in vermillion. It had been calculated particularly for tb* 
year 1482, but contains the succession of lunar phases lor 
three cycles, 1475, 1494, and 1513, with the visible eclip* 
ses of the sun and moon from 1482 to 1530 inclusive. 
The date of this precious manuscript, which had once 
belonged to St Mary's Ab- 
bey at Cupar in Angus, is * T Fl^Ol VA 9 Is 
hence easily determined, and f, %j$ $1" If ^ A 8 $%0* 
the numerals now exhibited \%%A*S$ 7 B 9 i¥ 
were exactly copied from it / . 

For the sake of comparison, t2 > ^ Jj 6 ^ 5 £ t*> 
the corresponding Arabic characters arte placed above 
them, and again below them is given a specimen of the 
current forms which the digits acquired in England, about 
the middle of the sixteenth century ; the last row show* 
ing the old figures used by Caocton, when he printed the 
Mirrourqfthe World, in 1480. 

The College accounts in the English Universities ww* 
generally kept in the Roman numerals, till tb* early part 
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of the sixteenth century ; nor* in the parish registers of the 
South, were the Arabic characters adopted before the 
year 1600. The oldest date to he met with in Scotland 
is 1490, which occurs in the rent-roll of the Diocese of 
St Andrew's; the change from Roman to Arabic numerals, 
with a corresponding alteration in the form of the writing, 
appearing near the end of the volume* 



Hating endeavoured to trace tb£ origin and introduc- 
tion of our numeral characters, it only remains now to 
explain the operations of Figurate Arithmetic. But the 
rules which guide the practice of numbers are easily de- 
duced from the principles already unfolded in treating of 
Palpable Arithmetic. The same theory may likewise sug- 
gest other methods of varying and abridging the commoir 
operations. I shall follow the same order, selecting as 
few examples as may be wanted for illustration; The 
Denary Scale, being the one generally received, will claim 
the chief attention •, but its results shall be compared with 
those of some other- scales, particularly the Duodenaty, 
which is partially adopted in commerce, and possesses cer- 
tain peculiar advantages. For the expressions of this scale, 
however, it becomes necessary to devise two additional 
characters to denote ten and eleven* Not to seek far after 
such objects, I have contented myself with condensing the 
ordinary forms into and 0, which are perhaps sufficiently 
distinct, while they shadow out the figures represented by 
them* • 

The great recommendation of the Duodenary scale, con- 
sists in its fitness to denote fractional parts* Its index has 
indeed no fewer than four factors— 2, S, 4, and 6 ; while 
ten is divisible only by 2 and 5. Several attempts, accord- 
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ingly, have, at different times, been made to carry this scale 
into actual practice. It is a curious fact, that the famous 
Charles XII. of Sweden, whose views, though often dis- 
turbed by the wildness of heroism, were on the whole be- 
neficent, seriously deliberated on a scheme of introducing 
this system of numeration into his dominions, a very short 
time before his death, while lying in the trenches, during 
the depth of winter, before the towering Norwegian for* 
tress of Frederickshall. 

In the Denary Scale, for the sake of expedition, it is 
often convenient to class the digits into members or 
periods of three places, ascending by the powers of a 
thousand. This improvement is due to the Italians, who 
likewise drew from their elegant dialect the appropriate 
names for such periods : units, thousands, millions, bill- 
ions, trillions, quadrillions, quintiUions, sextiUions, sep- 
tillions, octillions, and nonillions. — Thus, the number 
5,482,584,878,284,800, which expresses the square feet 
in the surface of our gl6be, is read, 5 quadrillions, 482 
trillions, 584 billions, 878 millions, 284 thousands, and 800 
units. 

In many cases, it would facilitate calculation, to have 
figures corresponding to open counters. To transform 
the ordinary characters, therefore, into deficient digits, 
I have caused modify their shape thus : 

an alteration sufficient to distinguish, without entirely alter* 
ing, or disguising, them. With such reclined figures, it will 
be easy to represent numbers, by their defects as well as their 
excesses. This answers most conveniently in expressing 
the digits from 6 to 9 inclusive. Thus 38 may be denoted 
by 4qi, meaning 40 with 2 abated ; for the same reason, 
829 may be written lag\, signifying that 1030 is to be 
diminished by 201 • 



11B 



FIGURATE 



[numeration: 



NUMERATION 



Being only the mode of classing numbers by successive 
braces, leashes, warps, &c. is performed, by dividing them 
continually by the root of the scale of arrangement In 
the reduction, consequently, to the Binary % Ternary, 
Quaternary, &c system, the corresponding divisor is two, 
three, four, &c As an illustration, let it be required to 
exhibit the number 430685 on a variety of scales. The 
decomposition will be thus effected : 



RINARY. 



8)430685 



1 




1 
1 



215342 

107671 

53835 

26917 

1345811 

67290 

33611 

16820 

8410 

4201 

210K> 

1050 

521 

260 

130 

6 

9 



5 



OCTARY. 

' 8) 430685 

• 5*88515 

67293 

8411 

1051 

131 

15 



TERNARY. 

3 )430685 
14356112 

47853 2 

159510 

53170 

, 17721 

5902 

1962 

651 

212 

70 

21 



QUATERNARY. 

4)430685 




SEPTENARY. 

7)490685 

6152613 

87893 

12554 

1792 

254 

3*4 

NONARY. 

9) 430685 

4785918 

53170 

5907 

655 

72 



SENARY. 

6 )430685 

71780|5 

119632 

19935 

3321 

552 

91 

13 

UNDENARY. 

11) 430685 

39153f2 

35594 

32316 



QUINARY. 

5) 430685 

86137|0 

17227|2 

34452 

6890 

137 

27 

52 

1 



4 
2 



DUODENARY. 

12 )430685 
358< 
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Hence the number 430685 will be thus represented on 
different scales : 

Binary, . 1 10100100100101 1 101 Octary, ...... 151 1 1 35 

Ternary, .... 210212210022 Nonary, »•>• 725708 

Quaternary, 1221021 131 Denary, ..... 430685 

Quinary, ...... 102240220 Undenary,.. 274642 

Senary, ........ 13121525 Duodenary, 189205 

Septenary, ... 3442433 

The notation may be readily transferred to any higher 
scale, which has for its index some power of that of the 
lower. Let the given number be distinguished into pe- 
riods consisting of two, three, or four places ; the amount 
of these may be condensed into a single figure, and the 
corresponding index then is the second, third, or fourth 
power of the primary index. Thus, conceive the ex- 
pression 1, 10, 10, 01, 00, 10,01,01, 11,01, of the Binary 
Scale, to articulate at every alternate place from the rjght 
hand, the value of each period, or 1 for 01, 3 for 11, and 
2 for 10, will transform the whole into this Quaternary 
arrangement, 1221021131. If the same expression be 
distinguished into triplets, 1, 101, 001,001,001, 011, 101, 
and each of these afterwards compressed into a single 
figure, assuming 5 for 101 , and 3 for 01 1, it will be chan- 
ged into the Octary notation 1511135— —In like manner, 
if the representation of the same number on the Ternary 
Scale be broken thus, 21,02, 12, 21, 22, 00, 22, at every 
alternate place, and the values of those periods adopted, 
8 being substituted for 22, 7 for 21, and 5 for 12, the 
whole will be converted into the expression 725708 of the 
Nonary Scale. 

To transfer, in general, any numeral expression from one 
scale to another, the most obvious way is to decompound it, 
and then dispose it again on the new scale. Suppose it were 
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83210320( 



203404 



11331 
410[ 



23 1 



5 
3 



1^ 
1 



required to convert the Ternary expression 210112 into 
the Quinary Scale : Beginning at the left hand, and con- 
stantly tripling the terms, shifting them every time a place 
lower, the successive collected results are 2, 7, $4, 193, 
and 581. This final number, if decomposed again in the 
ordinary mode by a series of pentads, would give 43 11. 

But this conversion might be performed directly with 
more expedition, by dividing the original expression and 
the quotients successively which arise, by the index of the 
new scale, as exhibited in the same notation. Thus, let 
it be required to transform the Qjuin- 8) 102240220 
dry expression 102240220 to the Octary 
Scale. It is only necessary to observe, 
that the operation is carried on through •• 
the Quinary Scale, or by a series of pen- 
tads. In the first division, 102 makes 
twenty-seven, which contains the ipdex three times with a 
remainder of 3 ; then 30 is equivalent to seventeen, which 
contains it only twice with an excess of 1 $ and 14 or nine 
contains it only once, with an excess likewise of 1 • .In this 
manner, the division is pursued continually, till the de- 
composition becomes completed. The result is, there* 
fore, 151 1135, the same as formerly stated. 

As another example, suppose it were sought to convert 
the Nonary expression 725708 into a Senary 6 )725708 
one. The constant divisor is now 6, but the 
operation is performed op the Nonary Scaler 
the values of the digits advancing always by 
nines. Here 6 is contained once in 7, and 
once again in 12 or eleven, but eight times in 
SB or Jifty. The rest of the operation pro- 
ceeds in like manner. The equivalent Senary expression 
is hence 13121525. 
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17362 _2 
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61 

3 
1 
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3 
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Lastly, to convert a Septenary into an Undenary ex- 
pression, the process would be thus carried on. The in- 
dex eleven being denoted on the Undenary 1 4)344243 3 

Scale by 14, this number forms the divi- 222102 J2 

13243 4 
sor; but 14 is contained in 34 twice, 



641 
with a remainder of 3 on the Septenary -jj 



4 



Scale s and the next dividends are 84, "210 

32, 14, &c. The remainder of the final division is 10, 
that is seven, on the scale of operation. Whence the cor- 
responding Undenary expression is 274642. 

Prom the principle before investigated in Palpable 
Arithmetic, we can easily find the remainder of the di- 
vision of the original number by another number, which 
is one less than the index of any particular scale. Thus, 
to begin with the Ternary Scale, if the amount of ail 
the figures be divided by two; or, what is the same 
thing, if every two be rejected, and the other figures 
successively- added, retaining only, at each step, the 
excess above two ; at the end of this operation, there 
will be left one. Hence it might be concluded that 
430685 is ail odd number; a property indicated also 
by the character of its last digit. —In the Quaternary 
Scales by adding the figures together, and constantly throw- 
ing out the threes, there remain two ; which shows that 
the division of the original number by three would leave 
two. — In the Quinary Scale, the several figures being col- 
lected, omitting the fours as they arise, give one, for the 
remainder of a division of 430685 by four. — In the Senary 
Scale, omitting all the Jives, there is no remainder ; a proof 
that the given number is divisible by Jive. — In the Septe- 
nary Scale, collecting the figures and rejecting the sixes. 
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there is an excess of/fce, satanstmg Jhe as the remainder 
of the division by six. — In the Octary Scale, rejecting the 
sevens, there are left three, being the excess of the division 
by seven. — In the Nonary Scale, omitting the eights, the 
surplus is Jive, corresponding to the remainder of the di- 
vision by eight— In the Denary Scale, by adding the 
figures, and rejecting the nines as fast as they arise, there 
is still an excess of eight, being the remainder of the divi- 
sion of 430685 by nine. — In the Undenary Scale, by cast- 
ing out the tens, there is left jhe, or the last digit of the 
original number, and consequently the remainder of its 
division by ten. — Finally, in the Duodenary Scale, by se- 
parating the elevens from the collected figures, there re- 
main two, the last figure in the preceding scale, or the re- 
sidue of the division by eleven* 

In general, the terminating figure of the expression on 
any scale, is the same as the remainder of the division by 
its index on the next higher scale. Thepcasting out of 
the divisor may be shortened likewise, if it be contained in 
any power of the index, by taking only the corresponding 
terms. Thus, not to go farther than the Denary Scale, 
two may be cast out merely from the division of the 
final digit, or 5. Four may be separated by dividing the 
two last figures, or 85; and the remainder of the division 
by eight is detected, from the examination of the three 
terminating digits 6&5* 

But the quotients of such divisions are also directly dis- 
covered, from what was explained under Palpable Arith- 
metic. Not to multiply examples, let us begin with the 
Senary Scale* If the several figures IS 121525 be repeated 
on all the lower places, their summation will appear as 
here annexed. The excesses corresponding to the differ- 
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12$ 



3 
1 



lliilllJi 

333333 

11111 

22222 

1111 

555 

22 



1502440,0 



eat rows amount to 20, which, divided by 
5, leaves no remainder, but gives 4? to the 
$ext column. The sum of this again, 
with the 4 carried to it, is 19, which 
contains 6 three times, with an excess of 

1 • This S is conveyed to the next column, 
and the same operation is repeated. The 
result of the whole, or 1502441, being now transferred 
from the Senary to the Denary Scale, gives 86137, for 
the quotient of 430685 by Jive. 

The expression of the Octary Scale, treated in the same 
way, will stand thus. Here the excesses taken together 
make up 17, giving, after the division 
by 7, a surplus of 3, and 2 to be car- 
ried to the first column. The figures 
on all these columns, being collected and 
reckoned by eights, amount to 170126, 
which, converted again to the Denary 1701263 
Scale, is 61526, or the quotient of the original number 
by seven, with a remainder of 3. 

On the Denary Scale itself, the same de- 
composition is here pursued. The several 
excluded figures now amount to 26, making 

2 nines, and a surplus of 8. The columns 
themselves being summed up, give 47853, for 
the quotient by nine, with a remainder 8. 

Lastly, suppose the expression of the 
Duodenary Scale were thus analysed : The 
excesses amount to 35, or 3 elevens and 2. 
The columns added in succession give 10709, 
which, converted into the ordinary scale, 
makes 39153, with a surplus of 2, for the 
quotient of 430685 by eleven. 



/ 



111111 


1 


55555 


5 


1111 


1 
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1 


11 


1 


3 


3 




5 
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33333 

6S6 

88 

5 



47853 
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But the extension which was made of the same prin- 
ciple to ppen counters, may be applied, to discover the 
quotient of any number divided by the index of the next 
higher scale. Without dwelling on this subject, we shall 
take the three last examples to illustrate the mode of 
operation. Beginning, therefore, at the left hand, each 

1\1\11 1 

1111 

111 

1\ 



1 
1 



S^ 



Itfbflwt 



4H4\v4|H 

3*53% 3 

666 

8ft 

5 



41153 2 



figure must be repeated through all the 
succeeding places, alternately as an excess and 
a defect, and the balance of their additiop, or 
14^4^6, taken as the result This number is 
otherwise expressed 135356, which corresponds 
to 47854, the quotient of the original number, 
with the accession of the excluded 1, by nine.* 

Again, the analysis will proceed thus in the 
ordinary scale. The extended digits give a 
surplus of 2, and the figures on the several co- 
lumns amount to 4U53, or 39153, being the 
quotient of 430685 by eleven, with an excess of 
2. 

Lastly, in the Duodenary Scale, the de- 
composition will be more rapid. The 
surplus figures here give a defect of 5, 
and the rest in the several columns make 
up 1 720(7, which is equivalent to 33130, 
the quotient of the original number, with 
the addition of 5 by eleven* 

It is of more consequence, however, in such divisions, 
to discover the remainder than the quotient. If the pro- 
cess be confined to the Denary Scale, the number eleven 
will appear to have properties analogous to those of nine. 
But to find the remainder of the division of any number 
by eleven, or, in the vulgar phrase, to cast out the elevens, 
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will require attention to the alternate character of the ci- 
phers, fluctuating in succession from excess to defect. 
The easiest mode is, Beginning at the right hand, to mark 
the alternate Jigures ; and, from the amount of these, aug- 
mented by eleven, if necessary, take that of the rest, and the 
difference is the remainder sought. Thus, resuming the 
original number 43'06'85', the sum of the accented figures 
is 14, and that of the rest only 12 ; wherefore, if divided 
by eleven, it would leave an excess of 2. Again, taking 
the number d'17'06'25', the marked figures amount to 21, 
and the others only make 3, leaving for the division by 
eleven a deficiency of 18 or 7, that is, an excess of 4. 

It hence follows, that, as a number is divisible by nine, 
when the amount of its figures is any multiple of nine ,• 
so a number is divisible by eleven, when the sums of the 
alternate figures are either equal, or differ by eleven or its 
multiples* This proposition leads to some curious results, 
but I shall notice only the more striking and simple. It 
is an obvious consequence, that the difference between any 
number and its reverse is always divisible by nine : Thus, 
the number 430685 being reversed into 586034, gives the 
difference 155349, which may be divided without any re- 
mainder, by 9. The reason is plain, since this number and 
its reverse are expressed by identical figures, they are 
both multiples of 9 with the same excess, and consequently 
their difference must only be some multiple of 9* — Again, 
the difference between a number and its reverse is like- 
wise divisible by eleven, if it has odd places of figures. 
Thus, the difference between 3170625 and its reverse, or 
2090088, is divisible by eleven $ for the sums of the alter- 
nate figures, 1 9 and 8, differ by 1 1 . But the sum of a num- 
ber and its reverse is divisible by eleven, when it consists of 
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even figures. Thus, the original number 430565, having 
586034 for its reverse, their sum is 1'01'67'ltfi which is 
evidently divisible by eleven, since the accented figures 
amount to 18, while the rest make only 7, or 1 1 less. 

It is not difficult to perceive the reason of these proper** 
ties of eleven. When the number consists of odd figures^ 
they preserve the same character of abundant or defective 
in its reverse, and consequently the subtraction of the op- 
posite numbers will destroy whatever inequality there had 
before existed ; but when the number proposed consists 
of even figures, the abundant and defective, by reverting 
their order, mutually change places, and hence the addition 
of the number and its reverse will extinguish any original 
inequality between these, counterbalancing any surplus of 
the one set by an equal deficiency in the other. 

The number seven k likewise distinguished by its pro- 
perties on the Denary Scale, though they are not quite 
So remarkable as the relations of nine and eleven. All 
the remainders of any division by 7 must evidently be in* 
eluded in 1, 2, 9, 4, 5, or 6. But if units having ciphers 
annexed in succession be divided by 7, the quotient is 
found to be 142857, with the corresponding remainders 
}, S, 2, 6, 4, 5, which comprehend all the possible va- 
rieties. Wherefore, since the last of these remainders is 
just as it was at first, the series of divisions will again be 
renewed ; and consequently, in the expression of the quo* 
tient, the same digits must perpetually recur, and in the 
same order. Kay, if the first period of that quotient, or 
the number 142857, be multiplied by 2, 3, 4, 5, or 6, the 
products, 285714, 428571,571428, 714*285, or 857142, 
are still denoted by the same digits, and in the same 
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order, only commencing from different points. The rea- 
son of this very curious property is, that the remain- 
ders 1, 3, 2, 6, 4, 5, precede the digits, 4, 2, 8, 5, and 7, 
of the quotient; or, in other words, those remainders 
with ciphers annexed, when divided by 7, give quo- 
tients commencing with such digits, and afterwards run- 
ning through all the series of changes. Now, it is evi- 
dent, that these new quotients must be the same as the 
first one multiplied by the several remainders. 

Another remarkable property of the quotients by 7» 
which may be of some utility in Practical Arithmetic, is 
derived from similar principles. Since the remainders 
of the division of 1, 10, 100, 1000, &c. were respec- 
tively 1, 3, 2, 6, 4, and 5, it follows that the remainder 
of the division of any of these digits, with annexed ciphers 
by 7, will be found by pursuing the same concatenated 
order, 1, 3, 2, 6> 4j 5; 1, 3, 2, 6, 4, 5, &c and reckon- 
ing downwards from the given digit to the last place, or 
that of units. Thus, the remainder of the division of 400 
by 7, is 1, because 1 stands in the series two places lotter 
than 4, which answered to hundreds ; for the same reason, 
5 is the remainder of the division of 2000, since it occurs 
three places lower than 2< If a larger digit than 6, such as 
8 or 9, with its train of ciphers, be divided by 7, the remain- 
der will evidently be the same as what corresponds to the 
excess of 1 or 2. It will be hence easy to discover the re- 
mainder of the division of any compound number by 7. 
Suppose, for example, the former number 430685 were 
proposed : Beginning at the right hand, and conceiving 
it to be composed of 5, 80, 600, &c. the corresponding 
remainders are 5, 3, 5, 5 and 6, making up 24, or a ge- 
neral excess of 3. 
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In Palpable Arithmetic, the primary bar was always 
marked, as the key to ascertain the import of the rest. 
The same thing is done in .the digital notation, by setting 
a full point immediately after the place of nnit& Below 
that point, the digits must diminish exactly as they in- 
crease in standing above it. The descending terms of 
any numerical scale are hence .fitted to denote the re- 
motest subdivision of parts with equal facility, as the as- 
cending ones are capable of expressing the largest possible 
number. This property, though but slow in being per- 
ceived, constitutes one of the greatest advantages of such 
scales. 

Hence to transfer the lower denominations from one 
scale to another, it is only required to multiply continually 
the given expression by the index of the new scale, and 
conceive the product each time to be set a place lower. 
Thus, to change the fractional digits .15243134; 

.15243134, denoting the diameter of a - - 

• i u- i. t •**•*• r 1.13501024 

circle which has unit for its circumter- 4 

ence, from the Senary to the Quaternary 1.03204144 

Scale. This repeated multiplication is per- * 

formed after the Senary notation; the 0.21225104 

products of the single digits being con- 1.25352424 

stantly divided by six, while the' remain- 4 

der is set down, and the quotient car- 1-54334544 

ried to the next place. The correspond- 8*50231504 

ing Quaternary notation is therefore, in 4 

round numbers, .11011331, the same as 3.2141 1224 

what arises from the decimal expression 1 30445344 
•3810938062. 

The descending scales now selected for explaining the 
method of transformation are seldom ever used. But the 
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descending terms of the Denary Scale, or those of the 
Decimal Subdivision, have at length been very generally 
adopted into practice, at least in all the calculations con- 
nected with mathematical and physical science. The duo- 
decimal system of partition, from its convenience in Men- 
suration, is employed to a certain extent among traders. It 
may be proper, therefore, to exemplify the re? .785398 
ciprocal transformation of decimals and duode- 
cimals. In this view, let it be required to 
change the expression .785398, which denotes 
the ratio of the circle to its circumscribing 
square, into duodecimals. The operation is 
performed by multiplying the given fraction 
by 12, and pointing off the same number of di- 
gits ; the process being constantly repeated 
with the several partial excesses. Hence the 
equivalent expression in the duodecimal nota- 
tion is .9512010; of which the four first digits, 
however, may be judged sufficient in practice. 

. Again, the cube root of 2 expressed in duodecimals is 
1.315188. To reduce this to decimals, it must 1.315188 
undergo a repeated multiplication by ten or tf. 
It is scarcely necessary to observe, that the nota- 
tion being now duodenary* the whole process is 
to be carried through that scale, each digital 
product which arises in succession being con*- 
tinually reckoned by Melves. Thus, ten times 
8, or 80, is six dozen and 8 over; and the 
next product 80 with the 6 carried, is seven 
dozen and 2 over. In like manner is the opera- 1026628 
tion performed with all the other figures. The result of 
the conversion is hence, in decimals, 1.259921* 

K 



9.424776 
12 

5.097312 
12 

1.167744 
12 

2.012928 
12 

0.155136 
12 

1.861632 
12 

0.339584 



2.723528 
Of 

5.©0ff428 
Cf 

9.007628 

_. or 

9.263228 

a 

2.1 27(728 

or 
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Both these last descending scales, however simple and 
commodious in practice, are comparatively of recent 
adoption* The natives of India, who have so long beeft 
acquainted with the Denary Notation, are still ignorant of 
its application to fractions. Below the place of units, 
they change the rate of progression, and descend merely 
by a continued bisection, assuming successively the half, 
the fourth, the eighth, and the sixteenth ; and beyotid this 
last partition they seldom advance. Nor did the Moors* 
during the short period in which they cultivated science 
after receiving the digital system from the East, ever at- 
tain to the knowledge of Decimal Arithmetic* All pro- 
gress was fatally stopped by their cruel expulsion from 
Spain; but, that the principle of the Denary System 
should, in its native bed, have lain absolutely unproduc- 
tive through the course of many centuries, is a circum- 
stance which strongly marks the want of invention among 
the Hindus. 

It is curious to remark* that the use of decimal frac- 
tions in calculation was long preceded by the complex 
train of Sexagesimals. This rapid progression had been 
introduced into the Alexandrian school by the famous 
Ptolemy, who had the merit of digesting the results of 
astronomical observations into a body of regular science. 
It descended by the powers of sixty; but though quite arti- 
ficial and seemingly arbitrary in its structure, it was easily 
engrafted on the Greek system of numeration. The astro- 
nomers of Alexandria and of Constantinople continued to 
employ the Sexagesimal Notation, in which they were after- 
wards imitated by their successors among the Arabians and 
Persians. The system itself had no doubt its rise in the sub- 
divisions suggested by the celestial phenomena. The par- 
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titton of the circumference of the circle into S60 equal de- 
grees was originally fbuhdgd on the supposed length of the 
year, which, expressed in round numbers, consists of 
twelve months, each composed of thirty days. The ra- 
dius, approaching to the sixth part of the circumference, 
would contain neatly 60 df those degr^s ; and after its 
ratio to the circumference Was more accurately determined, 
the radius still continued to b£ distinguished into the same 
number of divisions; which likewise bore the same name. 
As calculation became rfiore refined, each of these 60 
divisions of the radius was, following the uniform progres- 
sion, again subdivided into 60 equal portions, called mi- 
nutes or primes ; and, by repeating the process of sexage- 
simal subdivision, seconds and thirds were successively 
formed* The degrees were considered as integers, and the 
minutes, or primes, the seconds, and thirds, &c. distin- 
guished by intervening blanks, and sometimes the addition 
of corresponding dashes. 

As an illustration of the mode of converting decimals 
into sexagesimals, let it be Required to express the side of 
an inscribed decagon, or the chord of 36°, in sexagesimal 
parts of th£ radius. Here the decimal .61803398428 
quantity, .6180S898428, denoting the 3 ^390^ 
greater segment of this line considered as so 

vnit % ahd divided into extreme and mean 4s9223*3408 
ratio, is multiplied by 60, or, what is 5S ^ m5 ~ 
equivalent, by 6, with one decimal abrid- • 60 

g6d each time, th6 same process being &J.4S62688 
repeated on all the successive fractions. 26 1761 Jr 
The result k consequently 37° 4' 55" 20'" J_ 60 
26* 10' 34> Tl ; Which exactly corresponds, 10.56768 
as far as the seconds, with what Ptolemy ^ ■ ~ 
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has assigned. He stops there, and the accuracy now pur- 
sued for the sake of exemplification, is indeed superflu- 
ous, approaching within a triUionth part of the truth. 

Another example will show, by the converse procedure, 
that the Greek astronomer knew more accurately, than 
has generally been supposed, the length of the circum- 
ference of the circle. He calculates the chord of one de- 
gree, which cannot differ sensibly from the arc itself, to be 
1° 2' 50". Consequently, if the radius were considered as 
unit 9 the arc of 60 degrees would be represented sexagesi- 
mal^ by 1 $ 50" ; and therefore the triple of this, or 
3.8' 30", must express the circumference of a « s'30" 
circle whose diameter is 1. To reduce that 10 

quantity to decimals, the fractional parts are 1-25 00 
multiplied repeatedly by 10, and the successive j-rr 
products divided by 60. Hence the decimal io 
expression for the circumference of a circle is 1.4-0 
3.1416, a very useful and celebrated approxi- — - 
mation. r. 

It was the practice of se^pgesimals, at a late period, that 
led by gradual steps to the formation of Decimal Arith- 
metic. The great restorer of mathematical science in 
Europe, George Purbach, or Beurbach, of Vienna, a 
man of original and extensive genius, who died at an 
early age in 1462, in the table of sineJty^ich be ap- 
pears to have computed to every minute ot the qua- 
drant, instead of distinguishing the radius into 216,000 
seconds, or dividing it three times in succession by 60, 
made it to consist first of 600 instead of 60 equal por- 
tions, and then parted each of these into 100 primes, 
and each prime again into 100 seconds, thus blending in 
effect the sexagesimal with the decimal or centesimal nota- 
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tidn. His disciple and successor, John Muller, commonly 
styled Regiomontanus, from Koningsberg the place of his 
birth, extended those tables to seven places of figures, ma- 
king the radius to consist of 6,000,000 parts. After some 
hesitation, he finally abandoned that radical division, and 
having in 1464 enlarged the radius to ten million of parts, 
he recalculated the sines, to which he likewise joined, for 
the first time, a table of tangents. But this laborious 
and important work lay, many years after the author's 
death, in manuscript, and did not appear before the pub- 
lic until 1541, when it was printed under the direction of 
Schoner at Nuremberg. 

It is obvious that those mixed sexagesimal expressions 
would be reduced to common decimals, by multiplying by 
10 and dividing the product by 6. Thus, 1552914 

in Miiller's first table, the sine of a Kar- 10 

daga, or the arc of 15°, so called, it would 6)15529140 

* i a ' i- i_ r/ ,* 2588190 

seem, from the Arabic verb Karatha, to 

divide, is 1552914, Wherefore the result of this reduc- 
tion, with the decimal point prefixed, is ,2588190, which 
perfectly agrees with our modern tables. 

But the final step towards the use of decimals, which 
consisted in estimating the radius as uyiit successively de- 
composed, was slowly attained, and a long period still elap- 
sed before mathematicians were trained to the new practice. 
It is curious to observe here the very grad^l progress of 
improvement. Ptolemy had distinguished the sexage- 
simal subdivision into primes, seconds, thirds, &c. by 
corresponding accents placed over the successive parts. 
Michael Stifelius of Eslingen, the scholar and follower of 
Luther, having remarked the relations of arithmetical and 
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geometrical progressions, in his jfrithmetica Integra, print- 
ed at Nuremberg in 1545, a work of great merit, noted 
the exponents of powers, both ascending and descending, 
by the digits 1, 2, 3, 4, &c Guijded by analogy, he 
likewise appropriated the zero to ^indicate unit, or the 
commencement of every series. He therefore expressed 
integers and their sexagesimals by these characters, 
Q 9 1, 2, 3, 4, &c placed over them ; and in representing 
astronomical quantities or physical subdivisions, he com- 
bined the exponents with certain contractions or modified 

accents ; thus, 1, 2, 3, 4, &c. Bombelli, in his Algebra, 
printed at Bologna in 1572, adopted this improvement* 
•Simon Stevinus of Bruges, mathematician to the first Prince 
of Orange, and a man of great originality of conception, 
in his Arithmetic, composed in 1583, in the Flemish dia- 
lect, and published two years afterwards in French, em- 
ployed the marks ($), (§), ®, <§), ®. @, @, (§), or the 
digits circumscribed by a circle, to signify the extended se- 
ries of powers. This notation he applied principally to 
the Denary Scale, setting out from the place of units, and 
marking the tens, hundreds, thousands, &c. upwards, 
and again downwards, the tenths, the hundredths, the 
thousandths, &c. by continual decimation. The units 
themselves he indicated by @, implying only the com- 
mencement of numeration. Thus, according to him, 

®®®@® 

5 14 16 would denote 3 units, 1 tenth, 4 hun- 
dredths, 1 thousandth, and 6 "Sgpi thousandths. He first 
explained the use of such decimals, and strongly urged thejr 
preference to vulgar fractions. Still, however, this notation, 
though sufficiently clear, might seem rather overloaded. 
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It was not distinctly or immediately perceived, that the 
mark @ might, by its position alone, ascertain the rest. 

The ultimate simplification, therefore, consisted in omit- 
ting altogether those various marks, and placing a full 
point or a comma, to represent the key, after the units 
and before the range of decimals. This capital step, 
which indeed leaves nothing more to be done ;n practice, 
we owe most probably to the great Napier, who, in 
his Babdologia, printed at Edinburgh in 1617, while 
he quotes Stevinus with applause, incidentally proposes 
the final improvement. He seems not to trust exclusive- 
ly, however, to punctuation, and while he marks the ter- 
piination of the units by a comma, he also cautiously notes 
the successive decimals by superscribing repeated accents. 
Put the noble invention of logarithms, deriving its birth 
jn like manner from the efforts made to abridge the opera- 
tions of spherical trigonometry, gave a decided prepon- 
derance to decimals, which those artificial numbers, as next 
remodelled in the hands of Briggs, adopted into their 
actual composition. 

To reduce vulgar fractions to any scale, we have only 
to multiply the numerator by the root of that scale, and 
divide by the denominator ; and to repeat this process, if 
requisite, on the successive remainders, till the quotients 
either terminate absolutely, or glide into a circulation. Sup- 
pose it were sought to represent on the Senary, Octary 9 
and Denary Scales, the fraction 444 or &rVr» which 
Peter Metius, a distinguished Dutch mathematician, and 
Dear relation of Adrian Metius of Alkmaer, about the 
close of the sixteenth century, assigned for the approxi- 
mative ratio of the circumference to the diameter of a 
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circle. The nu- 

SENARY. 

merator 1 6 must, 16 
therefore, be mul- 6 
tipliedbythein- 113)96(0 
dex of each scale, 576(5 

565 



11 
J5 

66(0 
6 

396(3 
339 

57 
_6 

342(3 
339 

3 
j6^ 

18(0 

106(1 
113 



OCTART. 

16 
8 

113)1^8(1 
113 



and the product 
divided by the 
denominator 113; 
the remainder to 
be treated in the 
same way in re- 
peated succes- 
sion. The ex- 
pression of 44t 
on the Senary 
Scale is, there- 
fore, 3.0503301 ; 
on the Octaty 
Scale, $.110876; "^ 

and on the De- 
nary Scale, 3.141593. 

This last conversion would evi- 
dently take a more cpmpact form, 
as here exhibited. The several 
steps of the process are virtually 
the same as before. Hence the 
foundation of the ordinary pro- 
cess for changing a vulgar into 
a decimal fraction, by dividing 
the numerator, with ciphers an- 
nexed to it, by the denominator* 



15 
8 

120(1 
113 

7 
_8 

56(0 
8 



448(3 
339 

109 

8 

872(7 
791 
81 
8 

648(6 
678 



DENARY. 

16 
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Mixed fractions are reduced to any scale 15 H 

nearly in the same way. Suppose it were . 

sought to express decimally JZfteen shillings and i o* 

threepence three farthings. Multiply this sum 6.11 3 

by 10, and the fractional part of the product 

again repeatedly ; the integral results being ' io 

deferred to the lower places, jnqst evidently ex- &5 

press the same value. The decimal corre- — — 

2.10 
sponding to the mixed fraction is, hence \q 

.765625. 315" 

The same result might have been obtained otherwise, 

by ascending progressively from the lowest term. Thus, 

three farthings, expressed in decimal parts of a penny, are 

•75 ; and dividing 3.75 by 12, the quotient .3125 denotes 

the value, with threepence annexed, in decimal parts of a 

shilling; and finally, having prefixed the fifteen shillings, 

and divided the compound 15.3125 by 20, the quotient, 

expressing the fraction of a pound, is the same as Before. 

But examples of this kind are better adapted 15 3| 

for the Duodenary Scale. The multiplication ^ r 

here being performed by successive twelves, the 12 

Duodeci mat expression for the same sum is there- 2. 5 

fore .923, consisting only of three figures. » 

3* 

As another example of the conversion of mixed frac- 
tions, let it be required to find the decimal of a Ton cor- 
responding to thirteen fan- 13cwt.2q. 71b 28)7.00(.25 

dred weight, two quarters, g-^ g— i? ^ 

and seven pounds. The 20 14Q 

operation is performed in 7.16 1 6 

two ways, which give the § 4)2.2500 

same result, .678125. The 10 .5625 

ascending process, which 1. 5 
has 28, 4 and 20 for sue- 2 ~ 20)13.532500 

tessive divisors, is perhaps 10 .678125 

the easier, 5. 
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natural way would be to write down the 

sum of each column. The first column 

on the right hand gives 23, the next 5, the 

third 25, ^Pjd the last column 13. Or the 

operation ipigbt be carried on from the left 

band to the right, the several sums being 

now 13, 25, 5, and 23. These numbers, 

collected by a second summation, give for the final result 

15573. 

The former mode of working is generally preferred in 
Europe, but the fatter is the method still practised by the 
Persians and the Hindus, who 
likewise, for the sake of greater 
distinctness, are accustomed to 
separate the different ranks of 
figures by perpendicular lines, as 
in the form here annexed. Of 1 3, 
the sum of the digits in the first left hand column, 3 is 
placed at the bottom, and 1 advanced to a higher cell in 
the line below ; is the next column, 5 is set down, and 2 
placed a step forward in the lower line ; and the same pro- 
cess is carried through all the rest. But it is the fashion of 
the East, to preserve only the result of the summation, 
the other auxiliary rows of figures being always rubbed 
out. For this reason, they term the lower horizontal 
line, which in this example Is 1202, the Khuti Mahi, ox 
obliterating line. To such a practice, the usual mode 
of operating in those countries is indeed well suited. 
The Hindus at present, as Dr John Taylor of Bombay 
acquaints us, perform their numerical computations on 
a board about a foot long and eight inches broad. A 
white ground being formed by a sort of pipe-clay, the 
board is then covered with fine sand, or with gulal, that is, 
flour dyed of a purple colour. The figures or letters are 
traced by a wooden style, which, displacing the sand or 
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purpled flour, leaves the white ground exposed. By pass- 
ing the finger gently over the surface of the powder, those 
forms are easily effaced, and the board is again fitted for 
receiving new impressions. It is customary for them to 
rub out each successive step, even of a short process, so 
as to leave on the board only the general result of the ope- 
ration. 

The process of Addition from right to left, which is 
on the whole better adapted to our habits, would be 
rather shortened, by writing under each column the 
units of the sum, and below it the tens in a smaller cha- 
racter, which are to be joined to the figures ®@®@ 
of the next column in adding them. By a 8 5 4 

little practice, however, this precaution is ren- 2 6 18 

7 06 



dered unnecessary, and the small subscribed — ~. 
figures are retained mentally, and carried to 1202 
the successive higher columns. Above the several units, 
tens, hundreds, &c. are likewise placed here the marks 
contrived by Stevinus, to ascertain the respective ranks of 
the digits. 

This operation is somewhat easier, if © ® © ® 

performed with deficient figures. Thus, 1 a 5 4 

the numbers may be changed into others 3 H 2 ^ 

with the defects interspersed. In this y fi ^ 

mode, there being a sort of counter- or 1 5 5 7 3 
balance, it will seldom be required to carry any thing to 
the higher columns. 

Suppose those numbers were all transferred 2191 2191 
to the Duodenary Scale, they will stand thus : *g|® ^| 
The summation being carried on both from 40ft 4O0T 
right to left, and from left to right. In the 7 ' 19 
latter mode, the first column gives twenty' «q y? 
one, that is, J dozen and 9. The rest 19 7 
of the operation proceeds in the s^me way. 9°19 90^* 
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2, 4, 0, and 2, making 8 ; the very same as results from 
the analysis of the sum 9019. 

The Hindus are still totally unacquainted with these 
curious properties. They prove addition, by cutting off 
the Uppermost line, and afterwards joining it to the 
amount of the rest, as frequently practised in Europe. 
But a better mode of checking any error, and correct- 
ing wrong associations of numbers, is to begin at the top, 
and to sum the rows of digits downwards. 

It would greatly facilitate commercial transactions, if 
all subdivisions were carried downwards on the same scale, 
the decimal system being the best adapted to the prevail- 
ing mode of numeration. But as this obvious improve- 
ment is not likely to be soon embraced, an example or two 
shall be likewise given of the addition of mixed fractions. 
First in Apothecaries' Weights, the pound consisting of 
12 ounces, the ounce of 8 drams, the dram of 8 scruples, 
and the scruple of 20 grains. Here #> x 5 ft gr. 
the first column, amounting to 38 23 5 6 1 14 
grains, leaves 18, and sends 1 to the 34 7 15 
scruples, which now make 5, or 2 16 8 1 
scruples and 1 dram. In the same 133 2 1 2 18 
way, the rest of the process goes forward. 

The ne*t example may be drawn from measures of 
length, where 12 inches make a foot, 5 feet a yard, 5£ 
yards a pole, 40 poles a furlong, and 8 furlongs a mile. 
The only difficulty here consists in ^ j? 9 p. Y. F. In* 

adding the yards, which, with 2 car- 31 8 23 4 1 7 

lied, amount to 10 ; but 10 con- }2 ? ?S ? ? *2 

. 42115 118 

tains 54. once and leaves 4*, and 26 11 2 8 

consequently 4 is set down and 1 117 114 3 5 

foot 6 inches joined to the preceding columns. 
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This operation, having for its object to find the differ- 
ence between two numbers, is precisely the reverse of ad* 
dition. The same auxiliary table may hence answer for 
both. Thus, if 7 joined to 6 makes 13, it is equally clear, 
that 7 taken away from 13 must leave 6. For the sake of 
distinction, the greater df the two numbers is called the 
Minuend, and the other the Subtrahend* 

The method of proceeding will be most clearly percei- 
ved from the inspection of an example. Let it be re- 
quired to take 428053 from 702632. The process may 
be conducted, as in addition, either from right to left, 
or from left to right In the former way, 3 cannot be 
taken from 2, but the effect will evidently be thci same 
if ten were Added to both the minuend and the sub- 
trahend. Ten may therefore be joined to the 2, while 
one, as equivalent to it, is thrown to 5, which occupies 
the place higher. This addition of the 10 is called 
borrowing, and the countervailing addition of 1 in the 
next bar is called carrying* Take 3 then from 2, with 
the junction of JO borrowed, or 12, and there remains 9, 
which is set down and the 1 subscribed to the next higher 
bar. Again, 5 is to be taken from 3, which can be 
done only by annexing 10, for which 1 is sub- logois 
tracted on the advanced bar. Consequently 8 sgfggd 
is written down ; but no carrying is required in HOH 
the next bar which leaves 6. It is now required ****' J 
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to subtract 8 from 2 or 12, and therefore to set down 4 
and advance 1 for the 10 borrowed. Next 2 is taken from 
or 10, leaving 8, and 1 to be subscribed under the 
highest bar. Lastly 4 is taken from 7, and S written 
down. — The result would evidently be the same, if the 
operation had proceeded by an inverted order from left 
to right, as commonly practised by the Hindus- The 
subscribed figures 1, 1,0, 1, 1, which had been joined to 
the n*4iuend to promote the subtraction, must now be 
taken from the digits 3, 8, 4, 6, 8, 9, which marked the 
excess, in order to give the true remainder 274579. 

But instead of writing down those carried fi- 702632 
gures, they may with more convenience be ap- 428053 
plied mentally. In this case they are. at each 274579 
step either taken away from the minuend or joined to the 
subtrahend before the subtraction is made. 

Let the same example be worked with deficient digits. 
In substracting the lower number, it is only 703H32 
required to change the character of its digits, 4 3xib3 
and then add them. The operation, there- ^^ 
fore, needs no farther explanation. 

Next, suppose those numbers were converted into the 
Duodenary Scale. The subtraction will be per- ggtf^g 
formed thus : It is only to be observed, that 187871 
when there is occasion for borrowing, twelve 1 12097 
is joined to the digit of the minuend, and one is carried 
or annexed to the higher digit of the subtrahend. 

Subtraction is proved by adding the remainder to the sub* 
trahend, which should give the minuend. The mode of 
casting out nines on the Denary Scale, or elevens on the 

Duodenary, might likewise be employed. Thus, with the 

v. 

farmer, the excesses are 2 and 4, leaving 7 for the excess 
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of the remainder; and in the latter, the excess of the 
minuend is 7, the subtrahend being divisible by 11; 

Since the terms of a descending scale are treated in the 
same way, it would, perhaps, be superfluous to take ex* 
dmples of the subtraction of decimal fractions. 

Of mixed quantities, a single exam- 114,0 »t 3^/ ^t 
pie in sexagesimals may be sufficient; 89 10 38 83 
the remainder of this subtraction being * 56 57 51 
here the difference between the chords of 1 44° and 96° , and 
therefore equal to the chord of 24°. 



MULTIPLICATION. 

This operation, it was observed, is nothing but a re* 
peated addition. The object which it seeks, is to collect, 
for a Product, the Multiplicand, as often as there ate units 
contained in the Multiplier. Such a process, however, would 
have proved intolerably tedious, if the principle of numeri- 
cal arrangement had not come to lend its aid. Suppose 
it were required to double the number 74$, this would be 
performed by adding it twice ; and in the 748 
same way it might be tripled, as here exhi- L 8 Z*| 
bited. But if the multiplier be a com- 2244 "1496 
posite number, the operation is shortened, by an inter- 
mediate procedure. Thus, if 748 were' to be . 
multiplied by 6, it may be done, either by 1493 £244 
adding the double of ft three times, or the tri- 1 496 2244 
pie of it twice : Again, the addition of this 4MS 4? * 88 
result jibe times, would give the product of the original 

L 
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number by 30. This product, it is obvious, could likewise 
be obtained by adding the triple of 748 ten times, and 
consequently by subjoining a zero. In general, since any 
digit in the Denary Scale is augmented ten fold at each move 
to a higher place, its product into the multiplicand must 
give a similar increase. 

Let 748 be multiplied by the complex number 632. 
The multiplier now consists of 2 units, 3 tens, and 6 hun- 
dreds ; wherefore the compound product will be disco- 
vered, by resuming the separate products of those digits, 
and disposing them in their order. Here one zero 
is subjoined to the product of tens, two zeros to 22440 
that of hundreds, and so forth. These zeros, how- 448800 
ever, may be omitted, since the value of each figure *72736 
in the lower rows is determined by the position of those 
in the first or uppermost one. The three rows being col- 
lected together, give 472736 for the result. 

But the operation is abridged, by performing mentally 
this repetition or summation of each digit in the multipli- 
cand. Thus, resuming the last example : 
S repeated twice makes 16, which is set 
down - 9 4, repeated as often on the next 
advanced bar, gives 8 ; and 7 repeated 
likewise twice, and shifted a place higher, 
produces 14. In this way, the other rows 
of separate products are successively 
formed. The operation may be pursued 
either from right to left, or from left to 472736 472736 
right. 

Such was nearly the procedure of the ancient Greeks. 
Every step in the multiplication of complex numbers, re- 
presented by alphabetic symbols, appeared as detached 
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and separate members of the product. The operations of 
arithmetic, among that ingenious people, advanced like 
writings from left to right, each part of the multiplier 
being combined in succession with the several parts of die 
multiplicand. The products were distinctly noted, or, 
for sake of compactness, grouped and conveniently dis- 
persed, to be collected afterwards into one general a- 
mount. Pappus of Alexandria, in his valuable Maihe* 
matical Collections, has preserved a set of rules which 
Apollonius had framed, for facilitating arithmetical opera- 
tions. These are, in the cautious spirit of the ancient Geo- 
metry, branched out into no fewer than twenty-seven pro- 
positions, though all comprised in the principle stated by 
Archimedes, That the product of two integers of different 
ranks, will occupy a rank corresponding to the sum of the com- 
ponent orders. Suppose, in the last example, that 30 came to 
be multiplied into 700 : Take the lower corresponding cha- 
racters S and 7, which were called radicals, the one de- 
pressed ten times, and the other an hundred times ; and 
multiply their product 2 1 successively by the ten, and by the 
hundred^ or at once by a thousand, and the result is 21000. 
These methods of multiplying numbers would become 
in many cases excessively tedious and perplexed. The 
modern practice of consolidating the figures at once on 
each bar before they are written down, by carrying, as in 
the process of addition, is much simpler, and 74,3 

decidedly preferable. Instead of noting the 1 632 

of the first product 16, it is joined immediately 0044 
to the next product 8, and the sum 9 is written 4488 
down. In the second row again, thrice 8 makes 472736 
24, or leaves 4, and sends 2 to the product 12. The other 
figures are obtained in the same way. 
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the inspection of the table, we gather that 1 is the ter- 
minating figure in the three products, 1, 21, and 81 ; that 
2 terminates the six products 2, 12, 12, 82, 42, and 
72; that 3 occurs as the terminating figure in only the 
two products 3 and 63 ; that 4 terminates the four pro- 
ducts, 4, 14, 24, and 54 ; that 5 terminates likewise the 
five products, 5, 15, 25, 35, and 45 ; that 6 is the ter- 
minating figure in theatre products, 6, 16, 16, 36, and 
56 ; that 7 terminates only the two products 7 and 27; 
that 8 terminates the Jive products, 8, 18, 28, and 48; 
and that 9 occurs only twice as the terminating figure, 
in 9 and 9. It hence follows, that, out of thirty-four 
chances, there are six that any composite number should 
end in 2 ; Jive chances that it should end in 5, 6, or 8 ; 
four chances that it should end in 4 ; three chances that 
it should end in 1 ; two chances that it should end in 3 or 
7 ; and two chances likewise that the terminating figure 
should be 9. These very different proportions in the re- 
currence of the several digits at the end of a number, may 
]be remarked in the large tables of products. It likewise 
appears, that the bulk of the prime numbers must termi- 
nate with 9, 3, or 7, and the rest with 1. 

Notwithstanding the simplicity and obvious advantage 
of the Multiplication Table, it yet forms no part of the 
elementary education of the Hindus ; a singular fact, which 
might seem to contradict the received opinion, that Pytha- 
goras brought the knowledge of it, with other higher ac- 
quisitions, from the East. The boys in India are, no doubt, 
obliged to supply the want of this important help, by the 
tedious process of repeated additions, till practice at last 
renders them familiar with the products of the ordinary 
digits. In like manner, our young scholars are now left to 
grope their way without a guide through Addition, till the 
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4819 
_S78 

38552 
337S3 
14457 

1821582 



'5*21 

104H2 
104H2 
£Qft8\y 

2lfc2ty*2 
or 19*16*2 
and 1821582 



experience of many trials makes them acquainted with all 
the binary combinations of the lower numbers. 

It may be instructive, to compare the operation of 
an example of compound multiplication in the ordinary 
way, with another performed by deficient figures. In 
this instance, the working is 
evidently easier with the de- 
ficient figures, since lower di- 
gits are adopted in the multi- 
plication. But it must be ob- 
served, that a deficient figure 
reverses the character of all the 
digits which it multiplies. The restoration of the ordi- 
nary figures is better understood, if, as here, it be made 
by successive steps. 

Another example, the same 
as what afterwards occurs, 
may be likewise produced. 
By a little practice, the work- 
ing with deficient figures 
would evidently become ea- 
sier, and more 'expeditious 
than the common way. 

Deficient figures applied to the multiplication of the di- 
gits themselves, furnish neariy the same practical rule as 
in Palpable Arithmetic. Thus, to multiply 9 by 6, the 
operation, may be performed, by substituting for them 11 
and 1\>, or 10 diminished by 1 and by 4. The 
result is consequently 154, or 54. But it appears 
obvious, that the last figure 4 is the product of the 
deficient units, i and\v, and that the two first figures 
lb or 5, denoting tens, are merely 10 less than the 
6um of 11 and 1H> or of 9 and 6. This accordingly 
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is the rule given by the Arabian and Persian authors. It 
was farther simplified, however, in the earlier treatises on 
arithmetic published in Europe. Orontius Finaeus, of 
BriaiKjon, Professor of Mathematics at Paris, who wrote 
his little tract in 1525, directs a cross to be <k ,\ 
drawn, on the one side of which the digits \f 

9 and 6 are placed, and opposite to them, 6/ \4 
on the other side, their defects from 10, or 5 4 

1 and 4, are set down. Then 4 is multiplied into 1, and 
the product 4 noted under them, -white, following the 
oblique arms of the cross, 4 is taken from 9, or 1 from 
6, to leave 5 for the place of tens. But it is evident, 
that to subtract 4, or the excess of 10 above 6, from 9, 
is precisely the same thing as to add 6 and 9 together, 
and then take away 10, as in the previous rule. The 
other variation of the process, by taking 1 from 6, must 
likewise give a similar result. 

As another example, a little more difficult, suppose 7 
were to be multiplied by 6. These 1^ 
digits are equivalent to 1*5 and l\v, so ~ 
that their product is 162 or 42. ^ 
With the cross, the 4 multiplied into 1*5 \ 

3 gives 12, which leaves 2 units, and 162 8 




advances 1 to the rank of tens; and 42 4 2 

6 diminished by S, or 7 diminished by 4, supply 3 ad- 
ditional tens, making up 42 as before. 

The cross might also be accommodated to the multi- 
plication of numbers exceeding ten. Thus, 13 x 7 s 
the product of 13 by 12 is found by setting 
opposite to them 3 and 2, their excesses 12 
above 10 ; then multiplying the 3 by 2 for 15 6 

units, and adding cross-wise the 2 to 13, or the 3 to 12 
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for tens. The latter part of the operation is evidently the 
same thing, as adding the numbers together, and deduct- 
ing ten from their amount $ a rule which the Persians also 
employ in this case. 
Let this method of multiplication be applied to the 

squares of the 9 v y \ 8\/2 7 \/ 3 6 v ,4 




digits from 9 - . - . 

to 6 inclusive. 9A1 8/ \2 7 /\s 6/\4 
Theoperation 8 16 4 4 9 3 6 

is performed with great facility, the deficient figure being 
squared for units, and subtracted from its corresponding 
digit to express the tens. 

It hence appears, that a square must have the same ter- 
minating figure, if the root end in 1 or 9, in 2 or 8, in 
3 or 7, in 4 or 6. It likewise follows, that all square 
numbers terminate in these five digits, 1, 4, 5, 6, 9, which 
lie equally distant on each side of the middle one 5, from 
which they differ by 1 and 4. When a number ends in 
1, its square root must end in 1 or 9 ; when it ends in 4, the 
root ends in 2 or 8 ; when it ends in 5, the root will also 
end in 5 ; when it ends in 6, the root will end in 4 or 6 ; 
and when it ends in 9, the root will end in 3 or 7. Un- 
less, therefore, in the case of 5, there are always two cor* 
responding terminations of the root, making together the 
number ten. 

The Arabian and Persian, and likewise the earlier 
European writers on Arithmetic, enumerate steveral dif- 
ferent ways of performing Multiplication. Of theqe, it 
may be proper to select the most remarkable varieties. 

1. The rudest mode was that of Cross-Multiplication, 
in which the distinct products of all the digits of the mul- 
tiplier and of the multiplicand in every direction, are ae- 
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fry which the fatigue of carrying to the higher places is 
entirely spared. The method, however, admits of some 
variation. 1. The multi- 
plier and multiplicand may 
be written along the top, 
and down the left hand side 
of an oblong, which is sub- 
divided into square! cells, 
these again being parted by 
diagonals running obliquely 
downwards from right to left. The multiplication begins 
at the left corner above, and the successive products are 
inscribed in the. cellular triangles of each horizontal zone. 
The summation is then performed along the diagonal lines. 
This figurate process was followed by the Hindus and 
Persians, among whom it obtained the technical name 
of Shabakh. 2. Another variation of the general mode 
consisted in writing the multiplier along the top, and the 
multiplicand down the left hand of a divided quadrangle, 
the products beginning with the units, and proceeding 
along the horizontal columns from right to left ; the sum- 
mation then sets out from the right corner, and runs up 
slanting to the left.— This mode of operating was peculiar 
to the Arabians and Persians, and by them communicated 
to the Hindus, who occasionally use it. On the next page 
is an example borrowed from the judicious travels of Sir 
John Chardin. Suppose it were sought to multiply the 
number 36985 by 6428. The Persian Arithmeticians, 
having drawn a rhomboid, would, beginning at the top, 
write these numbers downwards along the upper sides, and 
then divide the figure into equilateral triangles, by com- 
bining oblique with horizontal lines. 
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18 
36 
54 
48 
40 
12 
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36 
32 
6 

12 ' 
18 
16 
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72 
64 
40 

237739580 



fcfow, the multiplication is carried along the rows on the 
left side of the rhomboid : 6 into 3 gives 18, which is dis- 
posed in the uppermost triangle and the one below it; 6 
into 6 gives 36, which is deposited in the two next trian- 
gles ; and the same process is continued through the se- 
ries* Again, 4 times 3 makes 12, which is placed in the 
two uppermost triangles of the next row. The rest of the 
operation of filling the triangles is easily understood. But 
to collect the products, the figures in each horizontal row, 
beginning at the bottom, are added up, and the tens car- 
ried to the one immediately above it. Thus, the zero at 
the point of the- rhomboid remains unchanged ; in the 
row above this, 4, 4, make 8 ; in the next row, 2, 6, 6, 
1, make 15, and 5 being set down, the 1 is carried to 
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mere slips of ivory could likewise be used, the one of 
them containing the row of digits being termed the index 
rod. 

Let us resume the 

* 

former example. The 
rods* inscribed with 
the several figures of 
the multiplicand, 
S6985, are selected 
and set in the same 
order, with the index 
placed before them $ 
then, opposite to the 
several figures of the 
multiplier, 6428, on 
the index, but going 
backwards, the num- 
bers in each horizon- 
tal column are taken, 
the pair of digits in 
each rhombus, or 















I 


3 


6 


9 


8 


5 




/ 


\/ 


1/ 


\ y 


1/ 


2 


/* 


/2 


/% 


y 6 


y 


3 




I V 


2/ 


%/ 


\ / 


/* 


/% 


y 1 


y* 


/s 




i/ 


% y 


3/ 


3 / 


2/ 


4 


y* 


/4 


/§ 


/ 2 




5 


i/ 


^y 


*/ 


±y 


2/ 


A 


Xo 


Y*> 


y° 


/s 


6 


i/ 


*>/ 


*/ 


*/ 


s x 


y*. 


y* 


/* 


y% 


/ 


7 


2/ 


*/ 


*/ 


&/ 


3/ 


l/« 


y 2 


/$ 


X6 


/* 


3 


V 


*/ 


^7/ 


6/ 


V 


V 


y*. 


y* 


y% 


/ 4 


/° 


9 


*/ 


*/ 


8 y 


*/ 


4/ 




/l 


/ * 


/ i 


/<*. 


/* 



double triangle, being always added 5 and finally, these 

rows of the products corresponding to each digit of the 

multiplier, being transcribed and properly disposed, are 

collected into one sum. Thus, opposite to 8, the last 

digit of the multiplier, and proceeding from 

the right along the horizontal column, there 

occur these figures : first \ then 4 and 4, 

or 8 ; 6 and 2, or 8 ; 7 and 8, or 15 ; and 

1 carried to 4 and 4, make 9 ; and lastly, 

the 2. The other rows are easily formed in the sam* 

way.— It is obvious, that if the horizontal columns op- 
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who styled it the Tarazu or Balance* Yet the Hindu* are 
still unacquainted with it, and have no other way of pro- 
ving multiplication but by reversing the process itself,? and 
Converting it into division. 



It is evident, from the nature of notation, that, in the 
descending scale, the products corresponding to each 
figure of the multiplier, instead of being advanced, should 
be shifted backwards. Hence the common rule for the 
multiplication of decimal fractions — to cut off as many de- 
cimals as are found in both factors. But, since the re* 
mote decimals are of trifling import, a very com* 
modious abbreviation is, to begin the process 
at the place of units, and reject the very loW 
terms. Passing to the 6 of the multiplier, the 
last figure 6 of the multiplicand is struck off; but* 
as it would have given 36, the nearest whole num- 
ber 4, expressing the tens, is carried to the product of 
6 into 3, making 22. The same thing is repeated at each 
multiplication. 



4.236 
1.618 

£§3§ 

2.542 

42 

34 

£§54 



In far- 
ther illus- 
tration of j 1 
the pro-; 
cess of 
multipli- 
cation, we 
shall per- 
form the 
same ex- 
amples on 
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the Duodenary Scale. It will be convenient, however, 
though not quite essential, to construct previously a table 
of products. 

Let it be required then to multiply 
the number 4819 by 378. Transform- 
ed into the Duodenary Scale, they will 
stand thus : The same operation is like- 
wise here performed by deficient fi- 
gures. 

Suppose the large numbers 
36985 and 6428 were now con- — 
verted into the Duodenary Scale, 
their multiplication, in conimon 
and in deficient figures, would pro- 
ceed in this manner* 



2957 
276 

14-896 
17631 
5602 

730106 



19401 
3878 

123288 

105907 
123288 
54263 

67750938 



3^ 6b 
3b6 

15H0o 

\ai\vi 
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8<Mn©e> 

730106 
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4\y8H 

MS8H 
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The mode of proqf which in the Denary Scqle employ- 
ed nine and eleven, will evidently be eleven and thirteen on 
this Denary Scale.. Thus, in the former example, eleven 
being cast qut of 2957 leaves 1 5 and out of $7(* it leaves 
4 •, but the product 73010(6 divided by eleven, gives like- 
wise a remainder of 4. If thirteen be thrown out of those 
factors, it leaves 9 and 1 ; and out of the product, it also 
leaves 9. In the latter example, eleven divides 19401 and 
3578, with remainders of 3 and 4, but it likewise divides 
67750938, leaving 1, the same in effect as twelve, the pro- 
duct of 3 and 4. Suppose thirteen to be cast out of the 
factors, the remainders are 9 and 6, which being multi- 
plied, giye Jjfty-four, or an excess of 2; but the product 
730106 li^eyise gives the same excess. # 

Put the Duodenary Scale is of greater consequence, when 
viewed in the descending progression, since the subdivi- 

M 
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don by twelves has, to a certain extent, obtained currency 
in the denomination of money, and of weights and mea- 
sures. A few examples will explain the ma- 6.923 
nagement of these fractions. Suppose it were 



29 903 
sought to multiply L. 6 : 1 5 : 8$, by 53, the opera- 230.90 

tion with Duodecimals will be performed thus: 25tf.6§3 
The product 25<X6®3, converted again into the Denary 
Scale, gives L.358 : 11 : 6£. This result is k^kwiz 
more easily brought out than by Decimals, 53, 
as in the operation here annexed. — If the 20.296875 
Pound Sterling had been divided into 12 33828125 



358.578125 
shillings, as the shilling is into 12 pence, the 

application of Duodecimals to accounts would have been 

extremely convenient. 

Duodecimals are best adapted, however, to practical 

mensuration, where feet, inches and their sub- 2.73 

ordinate parts, are brought into play. Thus, if 2-73 

it were required to find the solid contents of a f 'SL 

log of timber, 2 feet 7 J inches square, and 27 ' 799 

feet 5$ inches long. The successive multipli- 6.9469 

cations would be performed in this way, all the J:^^ 

figures below the fourth place being excluded, 18.4183 

as of little significance. The result is 1 56 cubic 2*9000 

.3483 
feet, with about 2| twelfth parts, most inaccu- 136*2694 

rately called, in this case, cubic inches. 

But these fractions will likewise readily apply to the 
mensuration of round timber ; for the relation of the cir- 
cle to its circumscribing square would be expressed in 
duodecimals by the number .9512. Suppose, for exam- 
ple, a cylinder 4 feet 2} in diameter, and 41 feet 10J long. 

The operation is thus performed : Four places of duo- 
decimals only are retained, though in actual practice two 
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places may generally be reckoned 
more than sufficient. The area of 
the circular base hence exceeds by 
a minute fraction 12 square feet, 
but the solid contents of the cylin- 
der amounts extremely nearly to 
404-y, or about seven hundred cubic 
feet.— A similar mode of proceeding 
could easily be extended to the 
mensuration of cones and of spheres. 

To facilitate the operations with sexagesimals, it seem* 
ed indispensable to have a more extensive multiplication 
table, that should include the mutual products of all the 
numbers from one to sixty. Such a table was actually 
constructed early in the seventeenth century by Philip 
Lansberg, a Dutch clergyman, who resided at Middle- 
burg. It was nearly about the same time printed likewise 
in the Arithmetic of Adrian Metius, and has been since ex* 
hibited under various forms by Dr Wallis and others. The 
table of sexagesimal products, however, is now compara- 
tively of small utility, since the practice of those fractions 
has at last fallen into almost total disuse. It might be 
conveniently superseded by a table of products, carried 
as far as one hundred, which, if rightly managed, would 
vastly abridge and expedite the most laborious arithme- 
tical operations. The daily habit of using such a table 
could not fail to. imprint a great part of it on the memory 
of the diligent scholar,— an acquisition of immense value, 
both in the pursuits of science and of commerce. To 
every person, it would give facility and correctness in their 
calculations. In this view, therefore, I have, with very 
considerable trouble and expense, framed an extended 
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table of products to accompany this volume. Its con- 
struction will be easily understood, and to render it more 
compact, I have omitted the rows of the products from 
J to 10, which are easily supplied. Along the upper 
horizontal line is placed the multiplicand, and, on the 
vertical one towards the right hand, the multiplier ; and 
opposite to them, the product occurs in a descending co- 
lumn. Suppose a former example were resumed : To 
multiply S6985 by 6428. These numbers are to be dis- 
tinguished into periods of two figures each. 36985 

Beginning then at the left band, 28 times 6* 28 

2380 
85 gives 2380, which is set down ; 28 times jggg 

69 gives 1932, which is also set down two 84 

figures in advance ; and 28 times 3 gives 84 4415 

-for the advanced place. Again, the products 192 



by 64 are 5440, 4416, and 192, which are 237739580 
successively advanced two places. 

Let it be required to multiply the decimal fraction 
•8134732 by .9135455, the fprmer of which is double the 
sine, and the latter the cosine, of the arc of 24°. Here 
the multiplication begins at the left hand, and all the 
figures of the product beyond the se- .8134732 
venth place are excluded. But 91 «9 1 3 5 4 5 5 



multiplied into 81,34, 73, and 2, gives * 7 3 3 n 9 4 

respectively 7371, 3094, 664 and 2, 6 6 4 

which, at each step, are moved two ^ ^ ^ m 2 

2 8 3 5 
places backwards. Again, 35 multi- 119 

plied into 81 , 34, 73, gives 2835, 1 19, S 

and 3, which are all drawn back two g 

places. Then, 45 being multiplied by 4 

61 and 84, gives 364 and 2. And, .7431448 
lastly, 5 into 81 gives 4. The several distinct products 
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being now collected, the afaottnt is .7431448, which con- 
sequently expresses the sine of the double arc, or 48°. 

This table may likewise be accommodated to the opera- 
tions of sexagesimals, for nothing is wanted but to con- 
vert the products in seconds, thirds, fourths, &c, into the 
numbers of a higher dimension by an efcsy division of 60* 
Thus, resuming the last example, the cosine of the arc of 
24° is expressed sexagesimally by 54° 48' 45" 50" 7 , and 
the double of its sine is 48° 48' SO'/ 12'"; making the lat- 
ter, therefore, the multiplier, because the part 48 appears 
repeated* the operation will proceed thus : Beginning at 
the left hatid, the product of 48° into 54° is 2592', or 
43° 12', which is set down j the pro- ^ 4g , 4fft ^ h 
duct of 48° into 48' fc 2304", or .48 48 30 12 
38' 24", which is set down ; the pro- 
duct of 48° into 45" is 2160'", or 36", 
which is also set down ; and the pro- 
duct of 48° into 50'" is 2400*, or 40"', 
whith id set down after the 36". 

Again, the products of 48' into the 

44° 35' 19" 16'" 

several terms of the multiplicand, are * 
the same as before, only removed all one place lower; 
consequently 37'" is substituted for 36'" 40 lT , as the near- 
est integral value. Next, 30" multiplied into the terms 
of the multiplicand evidently reduces them to one half, 
and throws them two places lower. Lastly, 12'" multi- 
plied into 55° , the nearest value in whole numbers of the 
multiplicand, in effect divides it by five, and throw* the 
quotient 1 1 three places lower. The amoufit of the whole 
is hence 44° 35' 19" 16" ; and therefore the double of 
this sine, or 89° 10' 38" 32"', must express the chord of 
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96°. Ptolemy, going no farther than seconds, makes it 
89° 10' 39". 

The Arabians performed the multiplication of sexagesi- 
mals by help of square cells, parted downwards from left 
to right by diagonal lines. The multiplicand being placed 
along the top of the quadrangle, the multiplier ascended 
on the right side, and the operation of multiplying them 
proceeded from right to left, as customary in the writing 
of those Orientals. In short, this process was exactly the 
reverse of the ordinary mode followed in the multiplica- 
tion of numbers on the Denary Scale, which they had a- 
dopted, probably without any change or modification, from 
the Hindus* 
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This process, being merely the reverse of Multiplica- 
tion, consists in subtracting one number repeatedly from 
another. The former is called the Divisor, the latter the 
Dividend, while the answer, signifying how often the sub- 
traction needs to be made, is termed the Quotient. The 
principle of numerical arrangement suggests the means of 
abridging this operation. Suppose it 1554 74 

were sought to divide 1554 by 37 r *' 3< * I# 51 

118 37 

Let 87 be subtracted in succession n # 37 jj # 37 

from 155, which, standing one place "ST 7T 

III S7 

higher than the units, corresponds to in- 

tern; the several subtractions are jy. 37 
marked by I, II, III, and IV, which ~T 

belong to the place of tens, and from remainder 7 with 4 



423)22028148(52076 
846 2115 
1269 878 
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annexed to it, the divisor 37 is again subtracted twice.—* 
Whence the quotient is 42, or the number of times that 
37 is contained in 1554, or must be subtracted before it 
exhausts this dividend. 

But such an operatioif is evidently circuitous. The 
most obvious improvement is to frame, as in compound 
multiplication, a small tablet of the digital products of the 
divisor, and to subtract always the nearest less number 
from the successive terms of the dividend and the re* 
mainder. Let it be required to , 
divide 22028148 by 423. The 2 

tablet of products is formed by 8 

a • -WV r+u a* 41692 846 

the successive addition of the di- 5 2115 ~fmz 

visor 423 and its multiples; of 62538 y^Gl 

72961 — — — 
these, the number opposite to 5 33334, 2538 

comes nearest to the first four 93807 *? 

terms of the dividend 5 and the 

remainder 87, with the next figure annexed to it, is ap- 
proached the nearest by 846, the next remainder 32 with 
the annexed 1 is less than the divisor, and therefore, a 
zero is put in the quotient to preserve the place, and the 
following figure 4 is joined. The rest of the operation is 
easily conceived. 

This method, however, is more tedious than needful, 
unless the quotient should consist of several figures. In 
other cases, a little practice will show how to choose the 
proper multiples of the divisor. The dots placed under 
the figures of the dividend as fast as they are taken down, 
or annexed for a new division, point out the ranks of the 
divisor. Deficient figures may likewise be sometimes in- 
troduced with advantage. An example will explain this ; 
Suppose 1797848 were to be divided by 472. With 
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the deficient fi- 

. 4.72)1797848(3809 5*2) 180*05(4*1 X 

gures, the ope- 1416 . . • 19*8 • • • 

ration is some- 3818 "TToC 

what easier, tho' 3776 *°6H 

1 4248 . 425 

ltwashereunne- 424 , 8 « 5M 

cessary to make 6~ ~b&L 

any alteration &3* 

on the dividend 

itself. In the course of working, it will often happen that 
the product of the divisor, after being written down, will 
appear greater, instead of less, than the part of the dividend 
from which this is to be taken ; but without substituting & 
lower product, the oversight would be rectified by a defi- 
cient digit at the next step. Thus, instead of the first two 
figures 38 of the quotient, We obtain 4% which is equi- 
valent. 

The Arabians and Persians perform division like mul- 
tiplication by a figurate process, in which every step is 
distinctly set down. A sufficient number of equidistant 
vertical lines being drawn, another horizontal line near 
the top of the board is made to intersect them, and, im-' 
mediately under it, is placed the dividend, the divisor be- 
ing set down at such a distance below as may allow space 
for the operation being repeated at each step on a lower 
bar. Having found how often the first figure of the divi* 
sor is contained in the corresponding part of the dividend, 
the quotient is placed above the horizontal line, opposite to 
the termination of the divisor, and now multiplied into each 
of those digits in succession, and the products subtracted 
from the dividend. The divisor is then shifted upwards 
a step farther back, and the process recommences again. 
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An example will show this 
complex mode of proceed- 
ing. Suppose, as before, 
that 1 797848 wete to be 
divided by 472. Eight 
vertical bars being drawn, 
the figures of the dividend 
are inserted across thetop, 
and those of the divisor at 
the bottom, the 4 being 
set opposite to 17, which 
it divides. The quotient 
3 is then placed in the 
same column with 2, the 
termination of the divisor j 
and multiplied into each 
figure in succession. The 
products 12, 2 1, and 6 are 
separately subtracted, lea- 
ving 881, &c. for a new dividend. The divisor 472 is now 
repeated a step backwards, and the operation renewed, 
the next digit of the quotient being 8, and its successive 
products 82, 36, aftd 16.— This method of performing di- 
vision, though unnecessarily tedious, requires no effort of 
memory. It is also sometimes a little varied; 

The mode of compound division; as now practised a- 
mong the Hindus, appears still more* involved and labo- 
rious, only the figures of the dividend and its remainders 
are obliterated as fast as the operation proceeds. Re- 
suming the former example, the divisor 472 is placed 
under a corresponding portion of the dividend 1797848, 
in which it is contained 3 times; then thrice 2 is 6, 
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320 
58160 



which, taken from 7, leaves 1, to be writ- 3 

ten above it ; thrice 7 is 21 , which, taken 4 

from 79, leaves 58 above it ; and thrice 4 
is 12, which, taken from the 15, leaves 3. 1797848(3809 
The remainder for the next division is, ^Ifo 30 
therefore, 3818, which contains the divisor, 472 

repeated one place farther back, 8 times. *?2 

Now, 8 times 2 is 16, which, taken from 1*8, leaves and 
2 to be placed above and below those figures ; again, 8 
times 7 is 56 9 which, taken from 80, leaves 24 ; and 8 
times 4 is 32, which extinguishes that number. The re* 
mainder for a new division is only 4248, which, passing 
over one place, contains the next divisor, when shifted to 
the end, 9 times j but 9 times 2 is 18, which, taken from 
48, leaves 30 ; 9 times 7 is 63, which cancels the 3, and 
takes 6 from the 42, leaving only 36 ; and lastly, 9 times 
4 is 36, which is therefore extinguished on the board. All 
the figures being successively obliterated, the result only 
of the operation is retained. 

Almost the same crowded and intricate mode of per- 
forming division had early prevailed in Europe, and even 
maintained its ground till about the beginning of the last 
century, since Dr Wailis constantly used it. This form 
of proceeding was by the Italians, according to Lucas 
de Burgo, styled the galley> either from the swiftness 
of its operation, as he thinks, or rather from the taper- 
ing shape which the group of digits acquires in the 
course of the work. In farther illustration of the pro- 
cess, I shall select an example from the numerous cal- 
culations by Regimontanus, in his tract relative to the 
quadrature of the circle, written as early as 1464, but not 
published until 1532. The question here proposed is to 
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11 

81 34 
154750 

276548 
18190735 



4155555)3 
41111 

TTlf 



4 
3 
8 



43833 



divide 18190735 by 415 ; the divisor being 
repeated at every step backwards, and stand- 
ing under the dividend, and all the figures 
erased in succession. The quotient 43833 
is placed down the side, and along the bot- 
tom, the remainder 50 being the only digits 
left on the boprd. 

In the preceding examples the process of division is com- 
plete ; but should there be any remainder, it is evident that, 
by annexing successive ciphers, the operation might still be 
carried on along the descending scale. Hence the pro- 
cess for converting vulgar into decimal fractions. A few 
examples will elucidate this practice. 

( 1.) 64) 15.000000(.234375 (2.) 625)23.0000(.0368 
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192 
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In the Jlrsty a remainder 15, expressed in tens, hun- 
dreds, thousands, tec. is divided by 64, and the quotient 
,254375, therefore, expresses decimally the value of the 

15 
fraction ^r ; in the second example, it is necessary to an- 
nex ciphers before the division begins, and consequently 

23 
the result .0368 represents the fraction g^r. 

In both these examples, the operation terminates ; but 
it will oftener happen, in the progress of the division, that 
the same remainder again emerges, after which the figures 
in the quotient must evidently maintain a perpetual recur- 
rence. Thus, in the third example, the remainders of the 
division by 13 are successively 5, 11, 6, 8, 2, and again 7; 

from which point the series will recommence. The frac- 

7 
tion ja is therefore, when expanded into decimals 

.538461, 538461, 538461, &c. continued in perpetual cir- 
culation. — In the fourth example, the remainders are 19, 
28, 37, 46, 55 t 64, 73, and then 1 as at first ; here con- 
sequently a recurrence takes, place, and the Value of the 

fraction — is expressed in these circulating decimals 

.012345679,012345679*012345679, &c. It deserves no- 
tice, that the two digits of those last remainders always 
make up 10. 

In every case, the number of different remainders, and 
consequently the variety of changes, mustobviously be fewer 
than the units contained in the divisor. The last ex- 
ample is extremely remarkable, since it brings out all the 
digits in their natural succession, except 8. The reason 

of such a curious result is, that — > being the square of 
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.nnnnui,&c. 
.011 1 1 1 1 1 1 1 il 



liiiiiiii 
11111111 

liiiiu 

nun 

inn 

liii 

in 

il 



•g-, wljich, expanded into decimals, is 

.11111111, &c. must be determined 
by the multiplication here performed. 

The value of the fraction —5 is, 

ol 

therefore, expressed by the succes- 
sive figures 0, 1,2, 3, 4, 5, 6, 7, 8, 
9, 10, 11, 12, 13, &c. continued fof 
ever, through all the descending places .01234567901 &c« 
of the Denary Scale ; but, at the junction of every ten, 
the order of the digits is partially disturbed ; for the 
11 behind the 10 changes it into 11, and this changes the 
9 into 10, which again, by its influence, converts the 8 
jpto 9. 

The enlarged Multiplication Table, it is evident, might 
be applied with advantage to expedite the more complex 
operations in Division* Not to dwell on this subject, it 
jvill perhaps be sufficient to select an example of the con- 
tracted process employed when decimals are concerned. 

Let it be required to find the tangent of 32°, which is 
performed by dividing the sine by the cosine of that arc. 



The first member of the * ,8480481).5299193 



quotient here is 62, which, 
mjiltiplied into 84, 80 and 
48, give 5208, 4960 and 298, 
receding two places at each 
$tep. The remainder is 
41295, whic|i gives the se- 
cond member 48 of the quo- 
tient. The rest of the ope- 
ration proceeds in the san*e 
manner, excluding all the inferior terms. 



5208 
4960 
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412951 
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As another instance of the management of complex 
-quantities, suppose it were sought to divide the sexagesi- 
mal fraction 29°43'44" 12'" by 33*4'35"21'". 

33°4'35"21''029°43M^12'"(53 o 55 / 39 ff S0'" 
29 9 
The operation will pro- 3 32 

cced thus: The first quo- w ^* 

tient 53°, being multi- 
plied into the successive 
terms of the divisor, 
give29°9 / , 3'32", 30"56'" 
and 19'" ; which, collect- 

ed together, and sub- ^ 

tracted from the divi- 16 

dend, leave 30'40"58'", 

to be again divided. In this way, the descending process 
is renewed till the residue becomes extinguished, all the 
products below thirds being excluded. — This example ex- 
hibits the division of the difference of the sines of 42° and 
100°, or of the cosines of the double arcs 48° and 80°, bj 
twice the sine of 16°, and the quotient is consequently the 

9 

sine of 64° expressed sexagesimally. 
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I have thus endeavoured to explain, with ample detail, 
the principles and various practice of Addition, Subtrac- 
tion, Multiplication, and Division, which comprehend all 
the operations that strictly belong to Arithmetic. But 
the Extraction of Roots, though founded on a more ab- 
struse analysis, yet comes under its range. The method 
of finding the Square Root has been already investigated, 
in treating of Palpable Arithmetic. But it may be in- 
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structive to resume the subject, and to extend the research 
to the Extraction of the Cube Root* 

The evolution of roots can only approach by successive 
steps to the final result, descending from the highest to the 
lowest point of the given scale, by the series of additions 
required to complete the number sought To discover 
the principle which should direct this operation, it is ne- 
cessary to examine what must take place in the process of 
Compound Multiplication. The square of a number com- 
posed of two parts, will obviously consist of their four 
binary products ; that is, it will include the square of each 
of those parts, together with their double product, as re- 
ciprocally multiplier and multiplicand. Taking away, 
therefore, the square of one of those parts, suppose th* 
greater, there must remain the square of the other, joined 
to their double product ; or, what is the same thing, this 
residue will be the product of the smaller, into a number 
formed by annexing it to double the greater. Conse- 
quently, to discover the secondary or additive portion of 
the root, we have only, after the square of the principal 
part has been separated, to divide what is left, by twice 
its root, annexing always the quotient to this divisor, in 
closing the process of division. The same operation, de- 
scending successively to lower terms, must be repeated, till 
the number proposed for extraction be entirely exhausted. 
It is only requisite to observe the rank and number of the 
figures which the root should contain. But, for this pur- 
pose, since every compound number will evidently by 
squaring have its places of figures doubled, we need only 
distinguish each pair in the number whose root is sought. 

An example will best explain the whole procedure. 
Suppose it were required to find the square root of 
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107584. Beginning at the right hand, 

and marking every second figure, it is 107584(32$ 

divided into three periods ; which shows ? 

that the root must consist of hundreds, o )l24 
tens, and units. To the first period 648\5l84 
ten, the nearest square is 9, whose root 3 8 / 5184 

jnust occupy the place of hundreds. Sub- 9 

^acting aud taking down the next period, the residue 175 
comeq to be decomposed j doubling, therefore, the root, 
we haye 6 in the place of hundred^, to which the quotient 
2, as denoting twenty, is annexed, and the product 124 
set down for subtraction. The remainder, with the last 
period, making 5184, is finally to be analysed. Twice 
t the root already found, amounting to 640, with the quo- 
tient 8 itself, forms the new divisor, and the product ex- 
tinguishes what was left of the proposed number. The 
root is therefore 300, with the successive additions of 20 

land of 8. 

• • • 

It will sometimes be convenient, in 11^9.4(339* 

performing this operation, to employ 2 

deficient figures, especially as they will J 189 

rectify the oversight, in case too large jjgq\\M4. 

a quotient may have been assumed. 4/}55fL 

• • 
We subjoin an example qf the ea&- ^ *(2S* 

traction of the same root on the Duo- 43x123 
denary fcale. 'fhis practice will often 3/ 109 

be found useful in mensuration. l^fMf Jt 

4/lbl* 

— 
But to elucidate this subject fully, we shall likewise ex- 
hibit tl}? 8ame extraction carried through the inferior 
scales. 
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BINARY. 

hoiooioooi 060606(101 ooioo 
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1/1001 

1010001x1010001 
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7 00000 



QUATERNARY. 

i 22161606(1 1020 
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1)220021 
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11420314(2303 
4 

43)242 
3)23 

10103)30314 
3)90314 



00 



The same mode of proceeding will obviously extend to 
the descending terms of any scale, a pair of zeros being 
annexed to the remainder after each successive division. 
As an example, we shall select the calculation of the great- 
er segment of a line, divided by extreme and mean ratio, 
which is found by subtracting one-half from the square root 
of jive-fourths, the whole line being unit The radical is 
thus determined on three different scales. 

9UOPENARY. 

1.30(1.14W7 
1 

21X30 
1)21 



QUATERNARY* 

1.10(11)132032 

I 

201 \ 1000 

l ) 201 

2023\13300 

SJ 12201 



PENARY. 

1.25(1.118034 

21x25" 
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221X400 
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2228Tl?900 
8J17824 
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2236064 \fe9 191 00 
4 >944256 



22919^219000 
Q J 206491 

229207 \1S620OO 
7/1374621 



N 



m 



FIGUBATE 



. It hence appcters, that the greater segment of a line, di- 
vided by extreme and mean ratio, is expressed in duode- 
cimals by .74607, or extremely nearly by .75 ; and, there- 
fore, that it consists of 89 parts, of which the whole con- 
tains 144. The very same result is obtained from the re- 
curring series, 1, 2, 3, 5, 8, 13, 21, 34, 65, 89, 144, &c 
which continually approximates to the required value. 

The mode which the Arabians used for extracting the 
square root very similar to their process of division, has 
been adopted by the Hindus. The example annexed will 
show the form of operation. Vertical lines being drawn, 
and the numbers distinguished into periods of two figures, 
the nearest root of 10 is 3, which is placed both below and 
above, and its square 9 subtracted ; the 3 is now doubled, 



2 



8 



and 6 being written in the next 
column, is contained twice in 
17, or the remainder with the 
first figure of the next period ; 
the 2 is therefore set down both 
above and below, and being 
multiplied into 6 gives 12, 
which is subtracted from 17, 
leaving 5; the square of 2 or 4 
is now subtracted from 55, and 
518, the remainder with the 
succeeding figure, is divided 
by 64, or the double of 32, giving 8 for the quotient * 
then 8 times 64 is 512, which leaves 6 on being subtract- 
ed from 518 ; and 64 is exhausted, by taking from it the 
square of 8. 

Similar to this method, but less regular and systematic, 
was the process by which the earlier mathematicians of 
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123 
1465 
1757174 
38796595 
526121689615 
14406 
430 
145 

I* 
1 



7 
2 



3 
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72534 



Europe performed the extracting of the square root I have 
annexed here an example of the operation, taken from the 
tract already mentioned of Regiomontanus. The question 
is, to find the square root of the number 5261216896. 
Now, the nearest square to 52 is 49, leaving 3 to be set 
above the 2, while 7, the root, is placed in the vertical 
line; then double of 7 or 14, being set under the 36, is 
contained twice, and 2 is accordingly placed under the 7 ; 
but twice 1 is 2, which, taken from 
3, leaves 1 ; and twice 4 is 8, which, 
taken from 6 or 16, leaves 8, and ex- 
tinguishes the 1 before it ; and twice 
2 itself is 4, which, taken from 1 or 
11, leaves 7, and converts the pre- 
ceding 8 into 7. In this way the 
process advances, till the figures be- 
come successively effaced. The root 
72534 is placed both at the right hand side, and imme- 
diately below the work. 

The enlarged Multiplication Table will greatly facilitate 
the extraction of roots. As an example, let it be required 
to find the square root of 389061567504. This large 
number being distinguished 
into periods of fojir figures, 
the nearest square to the first 
is 3844, whose root i? 62, of 
which the double 124 is con- 
tained 37 times in the remain- 
der 466156, with the next pe- 
riod omitting the two last di- 
gits. In the same' manner, is 
the process carried through 
the next step. 



389061567504(623748 
3844 

12437 ^*66156 

37 ) 3? 
888 
1369 

1247448 \598775u4 
m *~" 
1152 
3552 
12304 



b48Y 
48/ 



>89 
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As other examples, I shall select the decimal extraction 
of the square root of 10, and of the fraction three-fourths. 



1000(3-1622777 
961 

6262x§95000 
62JS844 

3844 
632*27)17560000 
27)1701 
648 
729 



(63246477)4844710000 

77)4851 
1848 
4235 
5929 



.7500(^660254038 
7396 



17260\ 1040000 

<30jl02 

15600 



1732025X 44000000 

25/425 

800625 

17S20504O\^9^750000 

40,7680 

128201600 

17320508038 \ 655484OQ0000 
38J646 
1216 
19304 
1444 



A final example may be drawn from sexagesimals. 
Thus, suppose the square root were sought of 13024' &&* 
20'" 26* 10* 37*, which is the product of the radius into 
217* 4' 5&" 20"' 26* 10* 37*, or the sum of 120°, or the 
diameter, and of the chord of 108% or that of the tripled 
aide of the inscribed decagon. The operation is performed 
as here shown, the nearest square to 13024' being 12996', of 

13024' 55" 20"' 26* 10* S7 Ti (114°7' $6»25r" 
12996 

228°7'\28 55 20 



. 



7 726 86 49 
228°14'36"\ 2 18 31 26 10 
S6"£ 2 16 56 45 36 



228 # 15' 12" 25* 
25'" 



) 1 * 



34 40 34 37 00 

35 6 28 10 25 



which the root is 1 14°, leaving 28 with the succeeding parts 
for the next decomposition. The result fc 114° 7' 36" 2S% 
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Which must therefore express sexagesimally the chord of 
the mean arc* or of 1 14°. 

The cube, qt the third power of a number composed of 
two parts, being the result of its triplicate multiplication, 
will evidently consist of eight members, which are the ter- 
nary products of its two components. . These elementary 
products most hence include the cube 6f each part, and 
the three separate results of the square of each multiplied 
every way into the other, whether before the square or af- 
ter it, or interposed between its sides. Consequently, the 
cube of a compound number is Wade up of the cubes of its 
two parts, together with thriee the product of the square 
of the first into the second, and thrice the product of the 
square of the second into the first* To decompose a cube^ 
thetefor& $ after having Subtracted the cube of the greater 
portion of its root, the remainder is to be divided by thrice 
the square of this portion for a quotient which approximates 
to the second portion of the root : The operation, however* 
is not completed till the divisor be enlarged by the addition 
qf thrice the product of the first portion into the second* 
and by the square of the second. The complex divisor 
being nam multiplied by ike quotient and subtracted, may 
leave a remainder for a new process of decomposition.-^- 
To pursue the operation, it is necessary previously to 
distinguish the number whose cube root is to be ex- 
tracted into periods of three places of figures ; and the 
ready application of the denary scale requires the annex* 
ed table of the cubes of the nine digits to be care- 1 
fully committed to memory. The inspection of the 2 
figures shows that a cube, unlike a square num- 4 
ber, terminates in all the digits indiscriminately. 5 
It may farther be remarked, that if a cube should £ 
end in 1, 4, 5, 6 or 9, its root will likewise end in 
the same figure » but if it terminate in any ofrthe 



1 

a 

27 

64 

12*' 

216 

S4S 

512 

72* 
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remaining digits 2, 3, 7,' or 8$ the corresponding root will 
end in 8, 7, 3 or 2, that is, in the difference of each from 
10* The final digit or cube, therefore, may always deter- 
mine without ambiguity that of its root. 

To exemplify the extraction of the cube root on the 
denary scale, I shall begin with a number consisting of only 
two periods. Here the nearest cube to 140, the first 
period, is 125, whose root is 5, the remainder with the 
next period is 15608, of which, the ap- ** . 
proximate divisor is 75, the triple of the 30 

square of 5 : Omitting the two last fi- * 

gures, it is contained twice in 156 ; then 
three times 5 or 15 multiplied by 2, and set one place low- 
er, is SO, to which 4 or the square of 2 is annexed one 
place still lower. The descent of the figures is plain, since 
the 5 from its position has the value of 50, of which the 
triple square is 7500, and the triple product into 2 is 300. 

I subjoin another example of greater extent. Or the 
first period 410, the nearest root i* 7, triple the square of 

which is contained 4 times in 671, the 

• • • 

remainder with the first figure of the 147 410172407(743 

next period ; the additions to com- 84 343 

16 
plete the quotient are three times. 7* issM 



146608 (52 
125 

15608 
15608 



67172 
62224 



4«f4o44/7 
4948407 



or 21 into 4, or 84 a place lower, 16428 
and 1 6* the square of 4, another place ^ 
below. The rest of the operation 1549459 
proceeds in the same way. 

The large table of products will materially simplify and 
expedite the process of the extraction of the cube root. 
To adapt it the better for that purpose, I have likewise 
joined a table of the cubes of numbers as far as one htm- 
dred. A similar one of squares is likewise given, for the 
greater facility of consulting, though it was indeed con- 
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1666 
2997 
SOS* 
2558 



9940*7 



tained already in the diagonal of the series of products. 
As an example, let it be required to extract decimally the 
cube root of one-half. Periods of six figures are now as- 
sumed i of the first, the nearest .500000(^7937 
root is 79, and triple the square 493089 
of this, or 1 872S, is found 37 times 1 W2S J 6§6T 
in 696100, the remainder, with 136 g 
two zeros from the next period. 188108269 
The rest of the operation is easi- 
ly understood* x 

The procedure which the Arabians and Persians fol- 
lowed in extracting the cube root, and by them communica- 
ted to the Hindus, resembles likewise their method of per- 
forming division. A short example may be judged suf- 
ficient for explaihing this tedious plan of operation. 
Suppose it were required to find the cube root of 9 11 25 : 
Having drawn as many vertical lines 
as may be wanted, the several digits of 
the given number are inscribed between 
them, and dots set over the first, fourth, 
seventh, &c. reckoning from the right 
hand. Of the period 91, the nearest 
cube is obviously 6*, which is set down 
and subtracted, leaving 27. To obtain 
the next figure, the triple of 16, the 
square of the root 4, is placed be- 
low, and being contained 5 times in 
271, the divisor is now completed, by 
adding three times the product of 4 
and 5, or 60, and then the square of 5 or 25, making in 
all 5425, each figure of which is multiplied by 5, and the 
products subtracted in succession. 

The ancient mode of extracting roots practised in 





4 

• 






5 

• 


9 
6 


1 

4 


1|2|5 


2 


7 








2 


5 










2 > 








2 




1 
1 



2 




* 






2_ 


5_ 


4 


8 








6 



2 


5 
5 
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12 2 5 1 6 
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Europe wto very similar to the prodass how erfplainedy 
bat not so regular and formal. The annexed example is 
copied from the Art Supputm&di of the famous Cuthbert 
Tonstall, Bishop of Durham i the earliest treatise of Arith- 
metic published in England, andaworkindeed of no common 
merit. The number - 
250523582464 to be 
extracted is plaeed a- 

bove two parallel lines, 2 5 6 s s s js b i 4 e 4 
between which the root 6 ? ° * 

6304 is inserted; the 5 4 i 4 7 s » s 9 6 4 

successive divisors and 

the corresponding re* 

mainders being written 

alternately below and 4 9 6 & 2 4 s 

above, and the figures 7 

erased as fast as the operation advances, the obliteration 

being here denoted by accents. 

To leave nothing incomplete which relates to arithme- 
tical operations, it will be proper likewise to investigate 
the nature and properties of Vulgar Fractions* It was ob- 
served in division, that, after the integral quotient has been 
found, the process may be still carried on through the de- 
scending bars of the numerical scale. This decomposition 
will either terminate after a few steps, or will repeat inces- 
santly the same succession. But the subsidiary portion of the 
quotient might also be expressed as a Fraction* of which 
the remainder forms the numerator % and the divisor con- 
stitutes the denominator. In reference to quantity, there- 
fore, the numerator shows how many units are to be col- 
lected, and the denominator indicates what share of this 1 
Aggregate is to be assumed, for the value of the fraction. 



/t 
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If the numerator be increased, or the denominator dimi- 
nished, the fraction must hence, in either case, bd aug- 
mented ; far the effect will evidently be the same, whether 
the quantity to be shared is enlarged, or the same quaa-* 
tity is to be divided into fewer portions. A fraction is 
consequently doubled by doubling the numerator, tripled 
by tripling it, and so forth \ inversely again,' the fraction is 
reduced to one-half by doubling the denominator* to one- 
third by JripHng it* and so on continually. Bat, i£ both nu* 
mentor and denominator' be at the same timri doubled, 
tripled, quadrupled* &c. the value of the fraction will not 
be altered, sine* any augmentation on the one hand is ex- 
actly counterbalanced by an equal and opposite diminution 
on the other* 

On the principles flow stated, most of the operations 
with fractions are grounded. A fraction, tot instance, 
may be reduced to lower dimensions, if some number can 
be found that will ditide both its numerator and denomi- 
nator without a remainder. The number which is exact- 
ly contained in another is feaid to measure this ; but if it 
_ measures more numbers than one it is called their common 
measure. To discover a common measure is, therefore, an 
important problem m the practice of fractions. The pro- 
cedure is derived from the combination of two properties, 
which are almost evident from inspection: 1. Any num- 
ber that measures two others must likewise measure their 
sum and their difference ,• and, 2. A number that measures 
another 9 must measure also its multiple or its product by any 
integral number* If two humbers be proposed, therefore, 
to find their common measure, it is only requisite to de- 
duce from them other numbers successively smaller which 
shall contain likewise the same measure. Thus, suppose 
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77 . 
it were sought to reduce the fractioq r^F to Jowfer terms. 

Whatever measures 77 must measure its double 154, or 
the nearest multiple to 175* Consequently it must ako 
measure the difference of these, or Q\. But it must mea- 
sure 68, or the nearest multiple of 21 to 77* This com- 
mon measure is hence contained in the difference of 63 
and 77 or 14 ; but being contained likewise in 21 , it must 
measure their difference or 7. Wherefore the coimrion 
measure desired divides 7 without a remainder ; • but it di- 
vides also 14, which contains this 7, ahd is consequently 
7 itself. Now 77 and 175, being divided by 7, give 11 

.77 11 • - 

and 25 ; and the fraction -r=z- i* thus reduced to ttz, which 

175 25 

exhibits the same value in the lowest terms, for no num- 
ber greater than 7 can fulfil the requisite condition of di- 
viding 7. 

Hence the process of finding the 77)175(2 
greatest common measure consists in 1** _ 
the successive decomposition of the 59 ■ 

numbers proposed. Here 1 75 is divid- ~14)21 (1 

ed by 77, and 77 by the remainder 21 ; ]t 

next 2 1 is divided by the excess 14, and \^ 

14 itself finally by 7. ~ 

In like manner, it is found 
by repeated division, that the ^^fjf^ 3 
greatest common measure of ~517)748ll 

748 and 2761 is 11. For this 517 

measure must be contained: in 231)517(2 

* . , 462 

three times 748 or 2144, and ~Srt2S 1/4 

consequently in the difference 220 

of 2144 and 2761, or 517; ~fi)&K5 

and again in the difference of — 

507 and 748, or 231* Wherefore the number sought 
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taurit divide the double of 231 or 462, and the difference 
between this and 517, or 55. But measuring 55, it like- 
wise measures 220, or its quadruple, and the difference of 
this from 231, or. 11. It finally, therefore, divides both 

11 and 55, and is hence 1 1 itself. The fraction 2pj?7r?> ex- 
tiibited in its lowest terms, is thus 



251 

If a fraction be not capable of any reduction, this pro* 
cess of repeated analysis will always terminate in unit, as 
the only final divisor. But from the series of quotients 
may be derived another set of lower fractions, which will 
gradually approximate to the true value. To discover 
these subordinate fractions is a subject of curious and im- 
portant investigation. For the sake, however, of distinct- 
ness and precision, it is here expedient to adopt a few; of 
the simpler characters employed by Algebraists. The 
quotient of one number by another is readily expressed, 
by giving them a fractional form, the dividend .and divi- 
sor constituting respectively the numerator and denomi- 
nator. A full point prefixed to a number may indicate 
its multiplying that which precedes it; and the signs + 
and — will intimate the addition and subtraction of the 
numbers before which they are placed. 

Let it be Tequired now to decompound the fraction 

108 

■r---. The value will not be altered, by dividing both nu- 

It? 

merator and denominator by the same number* Assume 

27, which is contained in the numerator 108, and it will 

give the compound quotient 5£4> f° r the division of the 

denominator 149. The fraction may consequently be 

4 4 

written thus, -j 1 4j or j\ 14 Again, by dividing the nu- 

27 
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14 
merator and denominator of the appended fraction ^ by 

7, it will be changed into^- or-^-g Wherefore, col- 

lecting these fragments into which the original fraction 

4 
was broken, it will assume this compound fotm,^ , g 

S+6* 

7 

6 
meaning that -~* joined! to i is to divide % and the quo- 
tient then added to 5 for a divisor of 4. If the extension 
of the lines which separate the numerators from their com- 
plex denominators be omitted, the fraction will merely 

.4 
run in a diagonal direction ; thus, -j , 2 

Fractions of this kind hate, from the nature of their 
composition, been called Continued Fractions. They were 
first proposed about the year 1670 by Lord Brounker, 
President of the Royal Society, and improved by 
Dr Wallis, but afterwards cultivated chiefly on the Con- 
tinent Few speculations have proved finer in theory, or 
led to a mote useful or prolific disclosure of the relations 
and properties of numbers. 

The different' parts of a continued fraction may, by an 

inverted process, be recombined and consolidated. Thus, 

4 
ibe fraction -r. ^ 

7 is again restored* by beginning at the 
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2 14 

extreme portion —, which being multiplied by 7, gives —> 

and then the complex fraction -ryi is finally converted by 

the multiplication of its numerator and denominator by 

106 
27 into -rrs* But if the terms of a continued fraction be 

taken in succession, other subordinate fractions will arise, 
which approach at each step to the true value. Thus, 

4 

assuming only the two first terms -r+h^ forms the frac- 

12 4 12 108 

tion r= > now the consecutive fractions — > .-=, and tt^» 

17 o 17 149 

compose evidently an approximating series. 

It is more convenient, however, to derive these second- 
ary fractions by a direct succession, than to combine them 
by help of a retrograde procedure. Nothing in fact is 
wanted, but to reconsider the several multiplications that 
took place. The fractions as they are formed therefore 

j t * *•* ,4.3.7+4.6 m ' 

proceed thus; j, jj^ and M . 7 w+g ^ Thefirst 

4 

fraction — has therefore both its numerator and*denomi- 

nator multiplied by 3, the denominator of the next frac- 
tion, and 2, the denominator of this fraction, added to the 
product of the denominator. Both numerator and de- 
nominator of this new fraction are next multiplied by 7, 
the denominator of the extreme fraction ; and the products 
of the numerator and denominator of the preceding frac- 
tion multiplied by the numerator 6 Are added. The sym- 
metry of the process will appear more distinctly, if the ficti- 
tious fraction y be placed at the beginning of the series : 
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—.0 4 4.3+0.2 12 12.7+4.6 108 

^"•'T' 5' 5J+n° r iT 8Dd 17.7+5.6 * H& 

Hence, if the numerators of a continued fraction be all 

of them units, the recomposition is effected by multiplying 

with the successive denominators, and merely adding the 

numerator and denominator of the preceding fraction. 

This simpler kind of continued fractions, being the most 

common and convenient, the mode of transforming t|iem 

deserves a separate investigation. 

Suppose it wejre sought to decompose the fraction 

287 

— r Divide both numerator and denominator by 287* 

and the complex fraction — - arises. In like manner. 



131 
divide ^r by its numerator 131, and it is changed intp 

1 25 

the fraction o^TT Again, reduce the fraction — > by di- 
viding its terms by 25, and it assumes the complex form 
i fi l 

r-y-- Lastly, the fraction ^- is converted into p* 

5-yy- *« *y 

Wherefore, introducing thosp substitutions, the original 
fraction will exhibit these successive phases : 

287 1 TT 1 JV l 

L 992* 1L S+lVV ; • *+ * 8 + X 

2+«t 5 2+1 



V. 



1 1 

3 + 1 Or more simply 3+Jl_ 

2 + l thus, without the *+ L 

6 + x prolonged lines, 5+l_ 

6 + 1 6+1 

4 4 
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It is obvious, that this process ogijvggo/* 
pf decomposition is conducted 861 

precisely in the same way as the 131)287(2 

measure. The successive quo- 125 

tients, 3, 2, 5, 4, and 6, here be- 6)25(4 

come the denominators of the — 

continued fraction. 

To restore a continued fraction again, the most obvious 

mode is, beginning at its extreme term, to re-ascend. by 

successive combinations. Thus, resuming the same ex- 

1 6 1 

ample, — is first changed into <r-» then —« passes into 

25 1 . , , . 131 -,, , 1 

j-jj j next £-77 is condensed mto^; and lastly,-rri is 

287 
transformed into rgg. 

By commencing this process of consolidation from any 

intermediate step, a series of subordinate and approxima* 

1 2 

tiye fractions will be likewise obtained. Thus, — gives *=$ 

and of the three terms, — . , 

5 + 1 

2+1 

1 .5 ,1 , 11 , , 1 

first 57 is equal to yj, and JT equal to gj, and th^n g-^ 

condensed into ^ ; again, the four terms, g- 

2+1 

S+i 

4 
. ^l * * * i** , , , 1 . 

give first gr or §i> ™& gT make 45 » «d lastly, ^71 is 



18 
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46 
equal t^* Thus, the following series pf approximative 

, t r . 1 2 U 46 887 
fractions has been formed, — , y> — » jra ^5* commen- 

1 287 

cing with-^-f and terminating in ^. 

If the first of these fractions have its numerator and deno- 
minator multiplied by 7, and the second, in like manner, by 

7 
8, they will be changed into the equivalent fractions ^ and 

6 1 

— ; whence the value decreases in the second by gz* But 

2 11 

let the next adjacent pair of fractions, =- and ^ have 

their numerators and denominators multiplied by S8 and 

76 77 

7, and they will become ^rr and -^rr ; so that the value 

increases at the third fraction by the difference — -. In 

46 
the same way, it is found that the fraction ttq su ^* ers a 

1 287 

diminution of ^To> and the original fraction jrg^ re- 
ceives an augmentation of l, 7 ■ The series of subor- 
dinate fractions thus alternately oscillate above and below 
the true value, to which, however, they rapidly ap- 
proach. Heqce the original fraction might likewise be 
expressed, by combining those alternating differences: 

S-Tl + 2^~6042+l57728- The gradual approxi- 
mation is, therefore, clearly marked, since these successive 
fractions have only on* for their numerator. 
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It would be more commodious to discover those subor- 
dinate fractions by a direct procedure. Let the continued 

fraction ^ +L 

5 + 1 

4+1 

6 be resumed. The progressive 
steps are thus exhibited : I. 3-. II. g-,» or » ■ .= ^-» 

2*. ; instead of 2 in the preceding expression, sub- 

. • 124- 1.2.5 + 1 

stitute 2}, and the result is ^zfi = 3.2.5+5.1+3 * 

«±1 - 11. IV i 
7.5 + 3 "" 38 y# 3+1 

* + L 

5J j Instead of 5 in the last 

2.5i+l_ 
expression substitute 5£, and there cowes out ^,. t -- -» 

g.5.4+4+2 11.4+2 46 ■ 

7.5.4 + 3.4 + 7 = 553+7 = 159 ; and fina11 * 

vi 

3+£ 
2+l[ 

5 + 1 

4y ; substitute 4^ for 4 in the preceding, and 

,, ' , _ 11.4±+2 11.4.6 + 2.6 + 11 

it becomes changed into —^ = 3M . 6+7 . 6+ 15 = 

46.6+11 287 
15^.6 + 38 ""992* 
The order of succession is hence easily perceived. If 
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the simulated fraction —be placed first, the approxima- 
tive fractions will be formed, by constantly multiplying the 
series of denominators, and adding the preceding terms : 

1 2 11 46 287 
ThU8 'T , F , T r, S8 , l59 , 992 # 

It may likewise be shown, that the alternate products of 
the numerators and denominators of these fractions differ 
incessantly in excess and defect by unit: Thus, 3.2 + 1 = 
7.1,7.11—1=38.2, 38.46+1 = 159.11, and 159.287—1 
= 992.46. For resuming the former analysis, 7 = 3.2 + 1; 
7.11=7.2.5 + 7 and 38.2 = 7.5.2 + 3.2; 38.46=38.11.4 + 
38.2, and 159.11=38.4.11+7.11 ; and finally, 159.287 = 
159.46.6 + 159.11, and 992.46 = 159.6.46+38.46. This 
mode of decomposition, though employed here in a parti- 
cular example, is evidently quite general 

These approximative fractions hence will terminate al- 
ways in the true value. Any fraction may therefore be 
reduced to its lowest term directly from the series of quo- 
tients evolved in finding the common measure of its nu- 

77 
merator and denominator. Thus, the fraction prr gave 

the quotients 2, 3, 1, 2, and consequently is converted into 

the continued fraction — , 

z+i 

1+2 

2 ; of which the ap- 

013 4 j 11 J* it 
proxiinating values are -p o"* T' IF an 25 ' 

748 
ing the reduced fraction. Again, the fraction Igjei ^ ur " 

nished these quotients, 3, 1, 2, 4, and 5. It may there- 
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fot*e be changed into the continued fraction — 

6 3+J_ 

5. 
But this again will produce the approximative fractions, 
1 1 S IS A 68 A , . . , , . ,. 

r f f* r* it is* an 257' the last bein s onl y the or| g i - 

nal fraction reduced to its lowest terms. 

The secondary fractions derived from the successive 
composition of the members of a continued fraction, it has 
been shown, differ from each other by alternating varia- 
tions, which have always unit ad their numerator. Such 
derivative fractions will, therefore, not only advance ra- 
pidly to the true expression, but must constantly approach 
the nearest possible, or exhibit the approximate value in 
the lowest terms. This property is of essential consequence 
in all operations with numbers, and furnishes many useful 
practical results. A few examples will justify the remark. 

Let it be required to express approximately the frac- 
tional portion of 24 hours, 2093)8640(4 
by which the solar year 83 ? 2 

exceeds 365 days. This ^JSJ^ 

excess, or 5 hours 48 mi* W7)268(l 

nutes and 50 seconds, be- HI 

ing reduced to seconds, 204 

makes 20930", while 24 "13)51(4 

hoursgive86400". Where- J? 

f * . 20930 2093 . . . 

fore the fraction 8 QQ , or g^r^t it to be decomposed. 

The successive quotients are 4, 7, 1, 4, and 4, without 
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pushing the last division with rigour. There results* conse- 
quently, the continued fraction T , , 

^7+1 

4+£ 

from which are derived the approximative fractiont 
1 7 8 39 ,164 
4* "29* 33* 16? and 67T 

Some of these fractions are remarkable* l*he firstfrac- 

tiou - indicates the insertion of one day euery four years, 

being the correction of the Katendar by the Bissextile or 

Leap Year introduced by Julius Caesar. The fraction ~g 

indicates a more correatintercalatioii of 8 days in SS yea**; 
a method proposed about six centuries ago by the Persian 
Astronomers, who, after the lapse of seven, ordinary leap 
years, always deferred the eight retumof the period omyaar 

longer than usual. — If this fraction -jrr had its numera- 
tor and denominator multiplied by 12, and those of — 

97 
added to the products, another fraction jp-r wiRbefiwrmu 

ed, of very nearly the same value. This last represents 
the intercalation established by Pope Gregory in 1582, 
and afterwards successively adopted by all the Christian 
powers except Russia, which affects to maintain the inde- 
pendence of tike Greek Cbtrfch. It implies the insertion 
of 97 days, in the space of 400 years ; which is performed 
by combining the Julian system with an omission of three 
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intercalary days in four centuries ; that is, the last year of 
each century, which falls to be a leap year, is not consi- 
dered as such, unless the number of the centary kseff is 
divisible by four. — But the Persian mode of correcting the 
kalendar was evidently simpler and more elegant, since in 
the space of 33 years it restored the coincidence which we 
now require the course of 400 years to effect. 

As another example, let it be required to express the 
English foot by the French metre, or unit of linear mea- 
sures. The metre being S9.8Y1 inches, gives, on a divi- 
sion by 12, the continued fraction. 
Wherefore the approxi- \ 

mating fractions arte — > "*^— . _ 

s 3 3 + 1 

S 4 7 25 f+1 

■> -TTT9 -=T-f T7T> 



10 13 23 82' l + l 

82 89 , 655 3+1 

■** " $ ■■ * and -'■ » * :r~ 

105 292 2149 1 + 1 

Hence the foot is to the ^"hi 

metre nearly as 3 to 10, *• 

and still more accurately as 82 to 105. 

As a farther illustration, it was found, in the extraction 
of roots, that the reciprocal of .7937 must express the side 
of the double cube, to discover which, without the power- 
ful aid of the denary arithmetic, exercised the utmost in- 
genuity of the ancient Greeks. If that decimal in relation 
to unit were converted into a continued fraction, the quo- 
tients forming the series of denominators would be 1, 3, 1, 
5, 1, 1, 4, 1, 1, 2, 1, 1 and 2. Wherefore the successive 

. Al 1 3 4 23 27 50 227 

approximations are -,_,_,_,_,_, _, -, 

277 504 

349* 635* ^ C# 0^ fc hese fractions, one of the simplest and 
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most remarkable is -^ ; the cube of 63 being 250047, while 

that of 50 is 12500, very nearly the half. The expression 

504 

grr, however, approximates still nearer, the cube of 635 

being 256047875, and that of 504 being 128024064. 

Continued fractions will afford elegant approximations 
to the square root of any number. Thus, the square root 
of 10 is 3, together with the remainder 1, divided by 6 
and this quotient itself. The fractional part, therefore, 

changes, by repeated substitution, into — 

6, then into 
1 

6+1 

6, and thus passes into a continued fraction, which 
has likewise no termination. The square root of 10 is 

therefore 3+1 

6+2 
6 + 1 

6, &c. I f the fractional part be suc- 
cessively combined, it will form this range of approximating 
fractions, of which the numerators and denominators evi- 

1 6 37 228 , 
dently constitute a recurring series, — » ^y» r^~, jt^ 

1405 

rjrrj7> &c. The last of these converted into decimals gives 

3.162277 for the square root of 10, being true to every 
place of figures. It is what the Arabians and Hindus some- 
times most inaccurately assumed for the circumference of 
a circle whose diameter is 1, and which Joseph Scaliger 
afterwards pompously announced as a perfect quadrature. 
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The square root of 1 1 must be 3, with the remainder 2 
divided by 6, and the quotient itself. Wherefore, by re- 
peated substitutions, the root will be expanded into this 

continued fraction, 3+2 

"6+2 
6+2^ 

6, &c., which shoots on- 
wards without intermission. It may be reduced, however, to 

2 
a simpler form, the expression for — 

o+2 



6 is evidently the 



1 
same as — 

3 + 1 



6, the terms only being divided by 2, Whence 
the square root of 1 1 is 3 + 1 

3 + 1 

6 +L 

3 + L 

6', &c, the circu- 

lation occurring at every second place.-— In like manner, 

the square root of 12 is 3+3 m % 

6 + 3 

6, &c, which mpy be con- 
verted into 3 + 1 

"2 + l_ 

6, £tc, circulating also at every second 

place. 

» « - ■ 

But the terms of a continued fraction, which expresses 
the square root of any number, are not always capable of 
being so easily reduced. Thus, the square root of 7 must 
be 2+3 

4 + $_ 

4, &c. ; wl^ere the numerator, not being con- 
tained in the denominator of the repeating fraction, this 



200 FIGURATE 

will admit of no direct change. It may still be transform- 
ed, however, by a circuitous procedure. The fractional 

S 
expression — - 

4, &c gives, by redaction, this series of 

S 12 57 264 1227 
approximative fractions, -p — . -^ ^ T§55 , &c 

But the last of these, converted into a simple continued 
fraction, furnishes the denominators 1, 1, 1, 4, 1, 1, 4, &c., 
from which the circulation is easily inferred. Wherefore 
the square root of 7 is 2+1 

r +L 

4, &c. ; and conse- 
quently the fractional part is thus expressed by successive 

1 12 9 11 20 SI 144 
approximation -j" T 9 3 * TT ~17 * "sT ~*s' 223* 

175 819 494 2295 
271* 494* 767' 3562* &C# 

There is another method of decompounding fractions, 

which likewise deserves particular notice. An example 

287 
will explain this procedure. Resuming the fraction ^r-> 

861 992—131 . • 

it may be written gljgg"* or 3 992 » or more simply 

1 131 131 

H ~~ 3992" : *&**» thc latter P art 992 of the impound 

r . . n *• 917 992—75 

fraction, is transformed into yog©* or 7 QQ2 , or mere- 
]yy- Tog? : But the fraction ^ is, in like manner, 
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... 975 992—17 1 17 

changed into lT ^, or -jj^gj-, or j^ — j^-^ : 

17 986 992—6 JL 6_ . 

-Now, 992-58.992"" 58.992"" 58 58.992 : A S am > 

6 __ 990 _9 92— 2 __ 1 2 . 

992" 165.992"" 165.992"" 165 165.992* ' aStly ' 

2 1 

goo— Tog* Wherefore, collecting these elements and re- 

287 
ascending, the original fraction jrgu is converted by sub- 
stitution into the alternating series, —""37+ 3 7 13 — 
11 1 



3.7.13.58 ^3.7.15.58.165 3.7.13.58.165.496* ThlS se ~ 
ries, however, conveys rapidly, as will appear from the ac- 
tual multiplication of the factors ; thus, ^-— 9T+975— 

il8M + 26l2610~ 12018*060 - R " 0bviOUS that the ^ 

287 
tors which compose the series representing the fraction -ttz 

are only the quotients of the 
continued division of the de- 28 7)992(3 

oOl 

nominator 992, by the nume- 131)992(7 

rator 287, and the successive 917 

remainders. The operation is ^ 5 ^?^ 1S 

**75 
here given at length, the same 17)992(58 

dividend being constantly re- £ C# & c- 

peated. 

As another example, suppose it were required to con- 
vert the decimal expression 3.14159265 for the circum- 
ference of a circle whose diameter is 1, into a converging 
series : Dividing 1 by the part .14159265, and by the re- 
mainders which appear in succession, these quotients will 
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result ; 7,1 13,4739, and 47051, &c Whence the circum- 

1 • 1 1 

ference will be denoted by 3 + - — 7 7n8+ 7 . 118<i739 — 

7.113.4739,47051^ 

The first term of the series indicates the Archimedean 
proportion, and the conjunction of the next term gives 
that of Metius. — This ingenious mode of transforming 
fractions was the invention of the celebrated Lambert, a 
mathematician and philosopher distinguished by his strong 
and original powers of thinking, who left his native spot 
in the verge of the Swiss Cantons, and accepted the invi- 
tation of the great Frederic to settle at Berlin, where he 
died in 1777. 

The other properties and combinations of fractions will 
be more easily discussed. 

1. To convert fractions into others which are equivalent, 

but have a common denominator, it is only requisite to 

multiply the numerator and denominator of each fraction 

into the continued product of all the rest of the denorai- 

12 3 4 

nators. Thus, the fractions, ~» — , — and -=■ are changed 

. 1.3.5.7 2.2.5.7 8.2.3.7 4.2.3.5 105 140 

int ° 2^7* 3^7' 5^3?7 and T£T 5 5 ** * 210' *I0' 

-— , and — -• The reason is obvious from the constitution 
210 210 

of fractions. 

2. To add or subtract fractions, nothing is wanted but 
to reduce them to the same denomination, and the addi- 
tion or subtraction of their numerators will give as the re- 
sult, new numerators to their common denominator. Thus, 

32 j 1 * «. j ,'63 70 ,15 

-r, -T-, and — are nrst reduced to ----. — . and „ — , and 

5 ' 3 ' 7 105* 105 105* 
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their sum is or 1-^UU Again, — subtracted from — , 

105 TJFr 6 ' 5 7 

.15 14 1 

S 1VeS S5»-35 ,0r 85' 

3. To multiply fractions. It is evident that the frac? 
tional multiplier implies that the multiplicand is to be re- 
peated as often as the former has units in its numeration, 
and then subdivided as often into as many parts as there 
are units in its denominator. Consequently, the numera- 
tor of the multiplicand should be multiplied by the numer 
rator of the multiplier, and divided by its denominator ; 
or, instead of this last operation, the result must be the 
same, if the denominator of the multiplicand be multiplied 
by the denominator of the multiplier. Thus, the fraction 

r> fi (\ 

— multiplied into — , signifies that -— is to be repeated 

twice, and the amount to be then divided into three equal 

6 12 

portions ; but --.being doubled, makes _, and this divid- 

4 
ed by 3 gives -— . Instead, however, of dividing the 12 

by 3, the effect is the same to triple the denominator 7, for 

4 12 

— and — are evidently equivalent fractions. The division 

of the numerator being seldom practicable in whole num- 
bers, the corresponding multiplication of the denominator 
is the general and preferable method. Hence, successive 
fractions are multiplied by multiplying all the numerators 
for a new numerator, and all the denominators for a nevf 
denominator. 

Thus, the continued product of —t -- / and — > is —- , 

r 4 6 7 168 1 

5 
or 23- Again, the product of the successive multiplica- 
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tion of — ♦ — » and ~» it -~* or 20^. This rank might 

likewise in this case be found, though more la- 5 \ 

boriously, by the method of Cross Multiplication. g t 

11 7 X0 l 

The operation would proceed thus : — and — l|f 

being the same as 54 and 2f, the 9 is multiplied , f 

1 1 



'T 



into 5, and next into 77 ; then x- is multiplied * J j 

m 3 7*. 



7JU 



_ . 1*1 • iac _i_- 1. i_ • 20-A 



into 5 and into — : The sum Is 12£, which being 



TT 



8 S 

multiplied again by — , or by 1 and then by — , gives the 

total result as before. 

4. The most obvious method of performing the division 
effractions is to reduce them to a common denomination, 
and to state the quotient of their transformed numerators* 

3 5 
Thus, to divide —• by -=■ ; they are first changed into the 

21 20 20 

equivalent fractions gg-and =-, and now -srr must express 

the quotient. The same result would be obtained if the 
divisor were converted into its reciprocal, and then mul- 
tiplied ; for the numerator and denominator being inter- 
changed! must exactly reverse the nature of the operation. 

3 4 5 

Thus, the reciprocal of ~ or — being multiplied into y 

20 
gives — , as derived before. The general rule, conse- 
f <*i 

quently, for the division of fractions, is to multiply cross- 
wise the numerator of the divisor into the denominator of 
the dividend for a new denominator, and the denominator 
of the divisor into the numerator of the dividend for a new 
numerator. 
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Thosfc fractions which are the reciprocals of integers, 
or have one for their numerator^ exhibit, when transfer- 
red to the descending bars of any scale) either the simple 
repetition of unit) o* a Succession of digits expanding In 

uniform progression. It was already shown, that -^p ton- 
verted into a decimal expression, gives first 1, with a re- 
mainder of 1 ; and must therefore evolve in its sub- 
sequent expansion always the same train of units. If 

the fraction -g- be represented on this scale* die first 

term will be 1, with 2 of a remainder; consequent- 
ly, each succeeding term is constantly doubled, forming 

the series .1, .02, .004, .008, .00016, &c. Again, -re- 
treated in this manner, gives first 1, with an excess of S; 
and hence all the subsequent terms are successively tri- 
pled, composing the progression .1, .03, .009, .0027, 
•00081, &c. In like manner, since the quotient of 10 by 

] 
6 h i, with the remainder 4, the fraction — , converted 

into decimals, will form the series .1, .04, .0016, .00064, 
000256, &c. proceeding by constant quadruplication* 
It may, therefore, be generally inferred, that the reopro* 
cal of any number is exhibited on a descending scale by a 
aeries of digits consisting of unit, followed by the exeest 
of the index and its successive powers. 

The descending progression, which represents die reci- 
procal of any number, though it never terminates, will some- 
times converge to a definite result. Thus, the expansion 

of the fraction ~, or the sum of the terms .1,2, 4 t 8 

8 16 

32 
64 
128 &c. 
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being .12499968, receives always another 9 at each step of 
the progress, and consequently approximates to .125, the 
true decimal value. In other cases, the summation of the 
figures forms either a perpetual repetition or a periodic 

i 

circulation. Thus, -g- being expanded, gives • 1 ,4 

16 
64 

256 
1024 
4096, 

which makes .1665936, but when pursued farther, ap- 
proaches constantly nearer to the complete expression 

.166666, &c. Again, the fraction -=- is expanded into the 

decimal terms .1,3,9 

27 
81 
243 
729, &c, which, being collected to- 
gether, indicate the period .142857, 142857, 142857, &c. 
of incessant circulation. 

If the number whose reciprocal is expressed on a de- 
scending scale be only less than some power of the index, 
the same progression of digits will emerge at corresponding 

intervals. Thus the decimal of -7-3- is .01020408, the 

terms doubling at every second place. Hence -y, which 

14 
is the same as gg, will be expressed by continually dou- 
bling 14, and descending two places. Accordingly, 

•14,28,56 
112 
224 
446, &c. taken collectively, give . 142857 j in per- 



J 
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petual circulation. It follows likewise, that y, being the 

double of this fraction, is expressed by the same series of 
figures, only commencing two places lower ; thus, 2857 14, 

4 
285714, 285714, &c In the samemanner y will yet be de- 
noted by the same descending progress, beginning at the 
next binary period, or two digits still lower j thus, .57 1 428, 

8 

571428, 571428, &c. But the fraction y being equal to 

42 

— , must, from the principle already stated, be composed 

by the summation of the decimal .42, redoubled at every 

second place, in this manner, .42,84 

168 
336 
672, which makes up 

.428571, 428571, 428571, &c. the same series again 

6 
only repeating from the second term. Hence y > or the 

double of the last, will be represented by this identical 

series, only beginning two places lower, or at the fourth 

5 
term; thus .857142, 857142, 857142, &c. Lastly, y or 

— , being expressed by 70 and its successive reduplications, 

or merely by 7 redoubled at every second place, will be 
represented by 7 1 4285, 7 142&5, 7 1 4285, &c. It thus ap- 
pears, that the several multiples of 142857, as i^S57 
far as the product by six inclusive, exhibit al- 285714 
ways the same train of digits, and in the same $m<2£ 
order of succession. Seven times the same num- 714285 
ber gives 999999. * 857142 
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This property of the number 142857, which becomes 
always renascent in its multiples, may be deemed a sin- 
gular arithmetical curiosity. It depends on the peculiar 

circulation of the decimal expression for the fractiony,the 

digits of which are not disturbed by the lower multiplica- 
tions, because the denominator is less than 10. 

When the reciprocal of any integer is expounded by a 
decimal circulation, the figures forming the period must 
evidently amount to less than the number itself, since the 
moment any remainder of the division is repeated, a 
cycle will commence. Any number will hence divide an 
integer, with a definite succession of ciphers annexed, or 
this quantity diminished by unit; and conversely, any 
periodic decimal may be converted into a vulgar fraction, 
of which the denominator consists of a certain repetition 
of nines. These observations are easily extended to other 
scales of Numeration. Enough, however, has perhaps 
been already stated in explication of the Theory of ter- 
minating, repeating, and circulating Decimals, 
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Note L — Pages 1—6. 

.Philosophers, misled by the hasty and careless reports of 
travellers, have generally much underrated the attainments 
of savage tribes in the art of numeration. From the mere 
scantiness of the terms which a rude people employs to signify 
numbers, it would at least be rash to infer the narrow range 
of their application. The language even of the most polish- 
ed nations, when traced to its radical form, is yet found to 
betray uncommon poverty in numerical expression. In the 
ancient Gothic, Tachund, or simply Hund, denoted only 
Ten; and the word Hundred, composed by annexing Hed 
or Ret, the participle of the verb Reitan, to reckon or place 
in rows, intimated consequently that its root was to be ten times 
told. In the translation of the Gospels, which Bishop Ulphilas 
made for the use of the Goths in the fourth century, Fourcera, 
One Hundred, is expressed by Tachund Tachund, or the name 
for Ten merely redoubled. The word Teon had also become 
synonymous with Hund, and in the Anglo-Saxon version, 
compiled three centuries after that period, One Hundred is 
called Hund Teontig, or ten ten times drawn. The name for 
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the next number on the Denary Scale, or One Thousand, is 
nothing but an abbreviation of Diuis-Hund, or tooice-ten, 
meaning that ten was to be counted over in a double succes- 
sion, making first one hundred t and then one thousand. 

The ancient Scandinavians were fond of reckoning by dozens, 
and they sometimes combined to a certain extent the denary 
with the duodenary scale. The Chinese likewise employ both 
those scales in expressing their cycle of sixty years, which 
consists of ten roots and twelve branches, the year of the cycle 
being signified by the remainders in counting it by 10 and by 
12. In like manner, ecclesiastical historians usually marked 
the dates of events by the numbers of the Solar and Lunar cy- 
cles, or reckoned by 28 and 19, which return again in the 
same order after a period of 532 years, called the Cycle of In- 
diction. 

Bishop Tonstall, in his Arithmetic, aptly compares the ex- 
tension given to numbers, by help of the denary system of 
classification, to the growth of reeds, which, though slender, 
are enabled to shoot to such a great height, from the joints inter- 
posed along their stalks. Quemadmodum in arundinibus inter- 
nodia paribus distineta spatiis, proceritatem ipsam producunt 
calamorum ; sic in majoribus numeris alia aliis aggregata dena, 
velut numerorum internodia, crescentem magnitudinem connectunt. 

Note II.— Pages 7—9. 

The notation of numbers by combined strokes, which the 
Romans had received from their Grecian progenitors, was 
evidently founded in nature, and may be regarded as one of 
the earliest samples of a philosophical language. It is not sur- 
prising, therefore, that other nations, without supposing any 
communication, should have advanced by the same road* 

That the Roman system of notation was originally formed 
by successively combining the simple strokes, derives strong 
confirmation from the analogous practice of other people. It 
appears, from obvious inspection, that the Egyptians and the 
Chinese must have followed nearly the same mode. The in- 
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scriptions on the ancient obelisks present a few numerals which 
are easily distinguished. Thus, the single stroke denotes one* 



I b + * ° P + 

100 1000 5000 10,000 



10 



the St George's cross ten, and the half of it Jive, and the same 
cross doubled an hundred, a zero a thousand, and this zero 
combined with the marks for 5 and 10, signifies Jive thousand 
and ten thousand. 

The substitution of capital letters for the combined strokes 
which they chanced most to resemble, gave unifdrmity indeed 
to the system of writing, but fatally prevented any farther im- 
provements in numeral notation. The only simplification 
which the Romans appear to have introduced, was to avoid 
the profuse repetition of letters, by reckoning in some cases 
backwards. Thus, they denoted Four by IV, Nine by IX* 
Forty by XL, and Ninety by XC, &c. ; which signified jfoe and 
ten 9 abating one froiit each, — and Jbrty and an hundred, dimi- 
nished each by ten. The series of Roman numerals is thus ex- 
hibited: 



I. 
i. 

X. 

10. 



II. 

2. 

XX. 

20* 



c. cc. 

100. 200. 

D or Id- 

500; 



III. 
3. 

xxX. 

30. 

ccc. 

300. 



IV. 

4. 

XL. 

40. 

CCCC. 
400. 



V. 
5. 

L, 

50. 

D. 
500. 



VI. 
6. 

LX. 

60. 

DC. 

600. 



VII. 

7* 

LXX. 

70. 

DCC. 

700. 



VII L 

8. 

LXXX. 

80. 

DCCC 

800. 



IX, 

9. 

XC. 

90% 

CM. 

900. 



MorClO- l0D» 
1000. 500O. 



ccloo- Iooo* cccloao' 

10,000. 50,000. 100,000. 



In illustration, it may be observed, that Cicero has this ex- 
pression in his fifth oration against Verres: CI3 CIO ClD IDC. 
meaning 3600. The Romans, however, sometimes contracted 
or modified the forms of their numerals. This was done for 
the sake of expedition, chiefly in the carving of inscriptions 
on stones ; and the abbreviated letters then used were called 
lapidary characters* The annexed specimen shows the princi- 
pal varieties : 
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20 SO 1000 

rv L> k (L <1) /L 

5000 10,000 

The marks for any number could also be augmented in power 
one thousand times, either by inclosing them with two hooks or 

C'fl, or by drawing aline over them. Thus, CXD, or X, denoted 

10,000 ; and CLVLM in Pliny means 156,000,000. Some- 
times a smaller letter was placed above another to signify 

their product ; thus *~ would express 50,000. Or the mul- 
tiplier was written like an exponent at the upper corner ; thus 
III C was only another mode of signifying three hundred. In 
expressing very large numbers, points were sometimes inter* 
posed — a practice which, had it become more general, would 
have effected a material improvement. Thus, Pliny denotes 
1,620,829 by these divided characters, XVI. XX. DCCC XXIX. 

But the Romans appear, in the latter ages of their Empire, 
to have likewise employed the small letters of the alphabet, 
in imitation of the numeral system of the Greeks. The letters 
a, b, c, d, e, f, g, h, and i, represented the nine digits, 1,2, S, 
4, 5, 6, 7, 8, and 9 ; the next series, k, 1, m, n, o, p, q, r, and 
g, expressed 10, 20, SO, 40, 50, 60, 70, 80, and 90 ; and the 
remaining letters t, u, x, y, and z, denoted 100, 200, 300, 400, 
and 500. To exhibit the rest of the centuries, it was requisite 
to borrow capitals or other characters, and 600, 700, 800, and 
900, were accordingly represented by I, V, hi and hu. But 
this mode of notation never obtained any degree of currency, 
being mostly confined to those foreign adventurers from 
Greece, Egypt or Chaldaea, who, by pretending to skill in ju- 
dicial astrology, were enabled to prey on the credulity of the 
wealthy Romans. 

In modern Europe the Roman numerals were supplied by 
Saxon characters. Thus, in the accounts of the Scottish 
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Exchequer for the year 1331, the sum of L.6896 : 5 : 5, 
stated as paid to the King of England, is thus marked, 

C XX 

vj* . viij . iiij . xvj . tj . V . § . v . d. It may be obser* 

ved, that, in Scotland, the contraction gm for m, or one thou* 
*and y is still used, in the dates of charters and other legal in- 
struments. 



Note III.— Page 10. 

The Chinese had, from the earliest times, constructed a 
system of numerals, similar in many respects to what the 
Bomans probably derived from, their Pelasgic ancestors. It 
is only to be observed, that the Chinese mode of writing 
is the reverse of ours ; and that, beginning at the top of the 
leaf, they descend in parallel columns to Jhe bottom, pro- 
ceeding, however, from right to left, as practised by most of 
the Oriental nations— Instead of the vertical lines used by 
the Romans, we therefore meet with horizontal ones 1 in the 
Chinese notation. Thus, one is represented by a horizontal 
stroke, with a sort of barbed termination; ttw by a pair 
of such strokes ; and three by as many parallel strokes ; the 
mark for Jour has four strokeg, with a sort of flourish ; three 
horizontal strokes, with two vertical ones, form the mark for 
Jive; and the other symbols exhibit the successive strokes ab- 
breviated, as far as nine. Ten is figured by a horizontal stroke, 
crossed with a vertical score, to show that the first rank of the 
Binary Scale was completed ; an hundred is signified by two 
vertical scores, connected by three short horizontal lines ; a 
thousand is represented by a sort of double cross ; and the other 
ranks, ascending to an hundred millions, have the same marks 
successively compounded. The annexed figures are very 
exactly copied from the impressions given in Dr M arshman's 
Elements of the Chinese Grammar, a work printed with me- 
tallic types, instead of the ordinary wooden blocks, at the Bap- 
tist Missionary Press at Serampore in 1814. 
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1 * ^ Yih. 10 

1000 





r| v T&'hyen. 



10,000 



100,000 




1,000,000 //IS Cfcao. 



10,000,000 £3 AVug. . 



100 t 0p0,000 




* The numbers eleven, twelve, &c. are represented by putting 
the several marks for one, two, &c. the excesses above ten h im- 
mediately below its symbol. But, to denote twenty, thirty, &c« 
the marks of the multiples two, three, &c. are placed above the 
symbol for ten. This distinction is pursued through all the 
other cases. Thus, the marks for two, three, &c. placed over 
the symbols of an hundred or of a thousand, signify so many 
hundreds or thousands. — The character for ten thousand, called 
whn, appears to have been the highest known at an early pe- 
riod of the Chinese history, since, in the popular language at 
present, it is equivalent to all. But the Greeks themselves 
advanced no farther. In China, wan, wdn, signifies ten thou- 
sand times ten thousand, or an hundred millions; though there 
is also a distinct character for this very large number. In the 
Eastern strain of hyperbole, the phrase wbn, wdn, far out-doing 
a thousand years, the measure of Spanish loyalty, is tho usual 
shout of Long Live the Emperor ! The Chinese character 
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chad for a million, though not of the greatest antiquity, is yet 
as old *t& the time of Confucius. The characters for ten, and 
for an hundred, millions, are not found in their oldest books, 
but occur in the Imperial Dictionary. 

Such is the very complete but intricate system of Chinese 
numerals. It has been constantly used, from the remotest 
times, in all the historical, moral and philosophical composi- 
tions of that singular people. The ordinary symbols for words, 
or rather things, are, in their writings, gene- 
ally blended with skill among those characters. 
But the Chinese merchants and traders have trans- 
formed this system of notation into another, 
which is more concise, and better adapted for the . 
details of business. The changes made on the 
elementary characters, it will be seen, are not very 
material. The one, two and three are represented 
by perpendicular strokes ; the symbols for Jour and 
five are altered : six is denoted by a short score 
above an horizontal stroke, as if to signify that 
five, the half of the index of the scale, had been 
counted over ; seven and eight are expressed by the 
addition of one and two horizontal lines ; and the 
mark for nine ia composed of that for six, or per- 
haps at first a variety of five, joined to that of Jour. 



! 

tr 

X 

3 



jt 



4 
5 
6 

7 

8 
9 



To represent eleven, twelve, 
&c. in this mode, a single 
stroke is placed on the left 
of the cross for ten, and the 
several additions of one, two, 
&c. annexed on the right. 
From twenty to an hundred, 
the signs of the multiples are 
prefixed to the mark fox ten. 
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The same method is pursued through the hundreds, the 
marks of the several multiples being always placed on the left 
hand before the con- 
tracted symbol of piih t 
or an hundred. The ad* 
ditions are made on the 
right, with a small ci- A ^ -^ 

pher or circle (0), called ff 

ling, when necessary, to 

separate the place of — *H 700 

units. The distinction 
between two hundred 
and three, and five hundred and thirty, deserves to be parti- 
cularly remarked. 

A similar process extends to the notation of thousands ; 
but, for ten thousand, the character tvdn is abbreviated. As 
a specimen of their 

combination, we se- f ^ ~X=^fl O t|T 

lect the following com- — ^ ._^ ^ ^ v " P 

plex expression, which s* | H | /* 
denotes 543,475,003. 

The same number would be thus represented in the regular 
system of Chinese no- 
tation : Where the first 
column on the right 
hand presents the marks 
for fifty and Jour, with 
the interjacent charac- 
ter xohn, or ten thou* 
sand; the next column 

to the left has the several marks for a thousand, three, and an 
hundred? the middle column exhibits the symbols of forty 
and of seven ; the adjacent column repeats the character vobn, 
or ten thousand, and then presents those for five and a thou* 
sand; and the last column has the symbol Ung, or the rest, 
which fills up the blank, with the mark for three. 
The last expression seems abundantly complicated, and yet 
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it is unquestionably simpler and clearer than the correspond- 
ing notation with Roman numerals. From such an intricate 
example, the imperfection of the Roman system will appear 
the more striking. 

The abbreviated process of the Chinese traders was proba- 
bly suggested by some communication with India, where the 
admirable system of denary notation has, from remote ages, 
been understood and practised. The adoption of a small 
cipher to fill the void spaces, was a most material improve- 
ment on the very complex character ling, used formerly for 
the same purpose. 

About the close of the seventeenth century, the Jesuit mis- 
sionaries Bouvet, Gerbillon, and others, then residing at the 
Court of Pekin, and able mathematicians, appear to have still 
farther improved the numeral symbols of the Chinese traders, 
and reduced the whole system to a degree of simplicity and 
elegance of form scarcely inferior to that of our modern ci- 
phers. With these abbreviated characters they printed, at the 
imperial press, Vlacq's Tables of Logarithms, extending to ten 
places of decimals, in a beautiful volume, of which a copy was 
presented by Father Gaubil on his return to Europe, about 
the year 1750, to the Royal Society of London. No more 
than nine characters, it will be seen, i _L. « 

are wanted, the upright cross + for ten 

being a mere redundancy. The marks "~ ll ""' 

for one 9 /too, and three, consist of parallel •— - i 2 — )| 



strokes as before; an oblique cross x 4 X 



13 



-N 



denotesjbur ; and a sort of bisected ten // 
signifies^e. This symbol again, being 14 — X 



contracted into the angular mark ^, 6 ±= i i 

and combined with one, two, or three /_ 

strokes drawn below it, represents six, 7 := ~ 233 ||=i|| 



seven, or eight ; and still more abridged s== 260 .1^ 
and annexed to jhe sign of four, it de- 8 """"" ' 

notes nine. The distinction of units, 9 ^X SS8 ,I||h== 
tens, hundreds, &c. is indicated by giving the strokes alter- 
nately an horizontal and vertical position ; while the blanks or 
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vacant bars are expressed by placing small zeros.— The very 
important collection of logarithmic tables just mentioned, 
was printed by the command of Kang-shi, the second Emperor 
of the present dynasty, a man of enlarged views, who govern- 
ed China with dignity and wisdom during a long course of 
years. This enlightened Prince was much devoted to the learn- 
ing of Europe, and is reported to have been so fond of cal- 
culation, as to have those tables abridged and printed in a 
smaller character, which precious volume he carried constant- 
ly fastened to his girdle. 

* 

Note I V.— Page 11. 

The oriental nations appear generally to have represented 
the numbers as far as one thousand, by dividing their alphabet 
into three distinct classes. But the Hebrew, the rudest and 
poorest of all written languages, having only twenty-two let- 
ters, could advance no farther than 400 ; and to exhibit 500, 
600, 700, 800, and 900, it had recourse to the clumsy expe- 
dient of addition, by joining 400 and 100, 400 and 200, 400 
and 300, 400 and 400, and 400 with 400 and 100. The Ara- 
bic alphabet* containing twenty-eight letters, supplied fully 
the three classes. It is very remarkable, that, when these let- 
ters are employed to signify numbers, they are written, in the 
customary way, from right to left ; but in adopting the pecu- 
liar numeral character appropriately styled Indian, the order 
is inverted, or proceeds from the left to the right. The Ara- 
bians and Persians have also another set of symbols called 
the Diwani to express numbers, consisting merely of disguised 
and contracted words. This system extends as far as 400,000, 
and is much used in the East for keeping of accounts. 

Note V,— -Page 1), 12. 

The Greeks, to represent numbers, distinguished their al- 
phabet into three classes, in each of which they inserted a 
supplementary character. The first class exhibited the nine 
units y called tuvaitiuu or trct&w, the next class denoted the 
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series of lens, thence named 3fK«3<iuu; and the third class ex* 
pressed the successive hundreds, which were termed iiuSwiumh 

To complete those classes, the mark £, called episemon, was 

introduced among the units after S to denote six, and the hoppa 
and sanpi, represented by £ 9 >4 > or *% » terminated respectively 
the range of tew and hundreds, or expressed m/tety and tmh£ 
hundred. The notation of numbers, as far as one thousand, 
was therefore effected in this way, the artificial word **g,. 
which contains the letters that commence each series, serving 
to aid the recollection of their order. 



a. 

1. 


2. 


J. 


a. 

4. 


5. 


6. 


1 

7. 


8. 


6. 
9. 


4* 

10. 


20. 


30. 


40. 


50. 


5. 

60. 


0. 

70. 


ST. 
80. 


90. 


100. 


200. 


r. 

300. 


400. 


9. 
500. 


600. 


4. 

700. 


a. 

800. 


900. 



But the same letters, by having an iota subscribed, were aug- 
mented one thousand times. Thus, a, ^3, y &c denoted 1000, 

2000, 3000, &c. or the #<**«?**** ; r, «, X f & c. expressed 10,000, 

/ / 1 

20,000, 30,000, &c.or the hxadai #>«*&*& ; and g, tr % r, &c. re- 

presented 100,000, 200,000, 300,000, &c. The values of the se- 
veral characters could likewise be augmented ten thousand times, 
by placing under them the initial letter m of the word Mvg*«. 

Thus, £ signified one million. Another mode of representing 

large numbers was to superscribe repeated dots. Thus « ex- 
pressed ten thousand, or the commencement of the series of 

myriads, or ftt>g<6»7«*<*du k*\ou •, and « denoted one hundred mil- 
lions, beginning the pvgwIaduMM %*->.«<, or the successive squares 

of the former set. As an example, the number 3,280,196,529 

.. .. 

would have been written by the Greeks, x. £. *>. «. 0. *-. <p. «. 4, 
and read fiv^uhxSt it**5t Xj3. ^»^/«l««f» aa-ASr jy/0. «** s^x^a** 
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Sach is the beautiful system of Greek numeral*, so vastly 
superior in clearness and simplicity to the Roman combina- 
tion of strokes. It was even tolerably fitted as an instrument 
of calculation. Hence the Greeks early laid aside the use of 
the abacus ; while the Romans, who never showed any taste 
for science, were, from the total inaptitude of their numerical 
symbols, obliged at all times to practise the same laborious 
manipulation. 

Allusions to the Grecian mode of notation occur frequently 
in the ancient classics. Hence the point of the following epi- 
gram: 

*££ »pM (**%M*i hunm\£ieu. is it ftff mAms 
T^mftfuun VpgpiygfMr ZH0I Aiy*#v /3g«7«*. 

The meaning of the passage is, that the space from sun- 
rise to noon, or the seventh hour, which was consequently de- 
noted by the letter zcta, being consumed in labour, the rest of 
the day may be fairly devoted to relaxation. 

Note VI.— Page 97. 

In the early ages of the Republic, the private Romans were 
accustomed to register their time, by casting every day a lap&us, 
or little pebble into an urn. If the day closed happily, a white 
pebble was chosen ; but if they deemed it unfortunate, they 
selected a black one. 

Hone, Maarine, diem inmcti widiare lap&o, 

Qpi tibi lftbentes apponit Candidas anno** Pen. Sat* IL 1, 2. 

The Abacus, or Tabula Logistica, with its furniture, is fre- 
quently mentioned in the Classics. 

Qjdo poeri magnis e centurionibus orti, 

Lanro tinpenai loctdos tabulamque lacerto. Hor. Sat, I. tL 75. 

For the purpose of elementary education, this table or board 
was strewed with sand. 

Nee qui abaco numeroa, et secto in pulvere metes 

Scit risiiae vafer. Pen. Sat. I. 192. 

The sand used was, according to Martianus Capella, of a 
gca-green colour : 




"Iif««s*5 , wft f fi** 1 



\iwttym, stones. 
IK' chamber of 

. -« * < i ,--,-,: ;cv, ,k--,"j „„<,„ Aba. 

^JdlSiSJ by a similar 



feK|«5-#.jlff- 



-ite-w-^S'^'imS!-®^'' 

-i^SS$*'¥i : ''S-'H : '*'&-S , -S->!5!'>S' » thousand 
^pfSpip^p^fi^i-^.f'SiV-f^ capital im- 




i: 
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prorement which the Chinese had made, was, by commencing 
the unite from any particular bar, to r e present the decimal 
cabdivi*ion on the same instrument. Yet this most useful ex- 
tension of the denary scale, however obvious it may new ap- 
pear, was unknown in Europe before the time of Sterinus. 

Note VIII Page 97. 

The famous Dr Saunderson, professor of mathematics in the 
University of Cambridge, who had the misfortune to be totally 
deprived of sight by small-pox when only twelve months old, 
contrived a very ingenious kind of Abacus, well adapted to his 
forlorn case, and requiring comparatively few implements for 
its operations. It consisted of a smooth thin board, rather 
more than a foot square, divided by equidistant vertical and 
horizontal lines about the tenth part of an inch apart, and ha- 
ving their intersections perforated with holes. Conceiving the 
surface to be crossed by belts composed of double lines, and 
consequently distinguished into a multitude of quartered 
squares, he assigned a digit to each of these clusters, by 
planting a large headed pin in the central hole, and com- 
bining with it another small headed one, stuck into the various 
holes round the margin. The large pin placed 9 2 5 
alone in the centre of the compound square ex- * — -j — * 
pressed merely theO, or zero; and the small pin 8 " — © — I 4 
being substituted, signified 1. The rest of the pro- 1 J 1 
cedure was quite regular. On replacing the large 765 
pin, a small one stuck in the hole directly above it denoted 
2 ; in the hole on the right corner, 3 ; in the hole below this, 
4 ; in the next corner, 5 ; — thus, following the exterior circuit, 
with 7 and 8, till 9 is signified by placing the variable pin in the 
upper and left corner. 

In other respects, the board had precisely the same con- 
struction as the Abacus. The position of each central pin de- 
termined the value of its digit in reference to units, tens > hun- 
dreds > thousands, &c. But the better to distinguish those belts 
or double bars, the spaces were marked by notches along the 
outer edge of the board. A large stock of pins with their points 
cut off, was kept ready for use in two separate boxes* 
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This curious expedient 
for calculation will be 
clearly understood from 
the inspection of the an- 
nexed diagram, in which 
the numbers 7032,4608, 
and 5190, are denoted, 
running from left to 
right, and reckoning 
from the top. 

Dr Saundersen is said to have acquired, from assiduous prac- 
tice, great facility and quickness in performing arithmetical 
operations. 

Note IX — Page 100, 101. 

The mode of signifying numbers by different inflexions of 
the fingers, is of very great antiquity. The symbols for one 
and for seven are nearly the same, only the little finger is ex- 
tended a joint farther in the latter. Three and eight are dis- 
tinguished likewise, by the different extension of the two last 
fingers of the hand. Similar differences may be perceived in 
the expressions of other numbers. 

Those digital symbols were quite familiar to the ancients. 
According to Pliny, the image of Janus, or the Sun, was for- 
merly moulded with the fingers bent, to signify the 365 days 
of the solar year. Janus geminus d Numa rege dicatus, qui 
pacis beUique argument o coHtur, digitis itajiguratis f ut trecen- 
torum sexaginta quinque dierum nota per signjficationeni anni 
temporisy et cevi se Deum indicaret. Hist. Nat. Lib. xxxiv. 7. 

In allusion to the circumstance that hundreds came to be 
expressed on the right hand, many passages occur in the 
Classics. In digitos rem redire 9 in digitos mittere, in digitis 
constituere y — -are expressions which occur in Cicero. Juvenal 
thus describes the aged Nestor : 

Bex Pylius (tnagno si quicquam credis Homero) 
Exemplum vitae fuit a cornice secundse. 
Felix nimirum, qui tot per secula mortem 
Distulit, atque suos jam dzxtra computat annoe. 

Sat. *. 24 C 



224. 



NOTES AND ILLUSTRATIONS. 



Some commentators would even explain, from the same 
practice of numeration, the allegorical description of Wisdom 
in the Proverbs of Solomon : 

Length of deys is in her right hand, and in her 10 hand riches and 
honour. Pror. Hi. 19. 



The Chinese have also contrived a very neat and simple 
kind of digital signs for denoting numbers, greatly superior, 
both in precision and extent, to the method practised by the 
Romans. Since every finger has three joints, let the thumb* 
nail of the other hand touch those joints in succession, pass- 
ing up the one side of the finger, down the middle, and again 
up the other side, and it will give nine different marks, appli- 
cable to the Denary Scale of arrange- 
ment. On the little finger, those 
marks signify units, on the next fin- 
ger tens, on the mid-finger hundreds, 
on the index thousands, and on the 
thumb hundred thousands. With the 
combined positions of the joints of 
the one hand, therefore, it was easy 
to advance by signs as far as a mil- 
lion. To illustrate more fully this 
ingenious practice, 1 have here co- 
pied, from a Chinese elementary 
treatise of education, the figure of a 
hand, noted at the several joints of 
each finger, by characters along the 
inside, corresponding to 1, 2, and 3; 
down the middle, by those answering to 4, 5, and 6 ; and again 
up the outside, by characters expressing 7, 8, and 9. The 
length of the projecting nails betokens it to be the hand of 
one of the literary or higher classes in society. The merchants 
of China are accustomed, it is said, to conclude bargains with 
each other by help of those signs ; and often, prompted by sel- 
fish or fraudulent views, conceal the pantomime from the know- 
ledge of bystanders, by only seeming to seize the hand with 
a hearty grasp. 
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Note X.— Pages 106—1 10. 

I am sorry, after all the pains 1 have taken, at not being able 
to come to a more definite conclusion relative to the origin of our 
present numeral characters. There is strong ground to suspect 
that the Hindus obtained the knowledge of those figures from 
Upper Asia or perhaps Tartary. The humble attainments of 
this people are not entitled to claim any very high antiquity* 
The expedition of Alexander the Great into the East, opened 
a channel of learned intercourse ; but, according to the testi- 
mony of his Generals, Megasthenes and Nearchus, the people 
of India were at that period entirely ignorant of letters, nor 
had they acquired any skill in arithmetic about the time of 
Arrian and Philostratus. The Sanscrit alphabet is asserted 
by Anquetil to have been formerly distributed into three 
classes, which, as in other languages, were employed to de- 
note the successive ranks of units, tens, and hundreds ; and 
Croze contends, that the followers of Zoroaster on the Malabar 
coast continued long afterwards to represent numbers by 
means of letters. This application of the alphabet has no doubt, 
for some ages, given place among the Hindus to the simpler 
and more perfect system of digital characters. At what epoch 
such a mighty change was effected, it would be difficult to 
conjecture. The most ancient monument of the Sanscrit nu- 
merals at present believed to exist, is a Royal Grant of 
land engraved on a large folding plate of copper discovered in 
the ruins of Mongueer, which has been described in the first 
volume of the Asiatic Researches by the learned Dr Wilkins ; 
and its date, the 33d of Sombot, referred by him to the 23d 
year before the Christian sera. This curious document may be 
genuine ; but the Brahmins of India, like their brethren the 
mon^s* of Europe, are well known to have been strongly ad- 
dicted to the pious fraud of forging charters and other deeds 
favourable to the interests of their order. 

The oldest treatise on arithmetic possessed by the Hindus, 
the Lilavatiy remounts no higher than the eleventh century of 
our sera. This famous composition, to which the vanity and 
ignorance of that people claim a divine original, is but a very 

Q 
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poor performance, containing merely a few scanty precepts 
couched in obscure memorial verses. The examples annex- 
ed to those rules, often written probably by later hands in 
the margin, are generally trifling and ill-chosen. Indeed, 
the Lilavati exhibits nothing that deserves the slightest no- 
tice, except the additions made by its Persian commentators. 
The Hindus had not the sagacity to perceive the various 
advantages to be derived from the denary notation. They re- 
mained entirely ignorant of the use of decimal fractions, with 
which their acute neighbours, the Chinese, have been fami- 
liarly acquainted from the remotest ages. Their numerical 
operations are unnecessarily complicated, following closely the 
procedure which the application of an alphabet had obliged 
the Greeks to employ. It would seem that, while the Hin- 
dus communicated their numerals to the Arabians, they were 
glad, in return, to accept the mode of calculation adapted to 
a very different and inferior system of notation. 

Note XL— Page 111. 

I strongly suspect that the person styled Leonard of Pisa or 
Fibonacci, lived two hundred years later than the period as* 
signed in the text. Fabricius places him at the beginning of 
the fifteenth century. But Cossali, in a ponderous work, en* 
titled, Origine f trasporto in Italia, e primi progressi in essa dell 9 
Algebra, and printed at Parma in 1797, maintains his antiqui- 
ty in a triumphant tone, and discourses with more than Italian 
prolixity on his merits. Still, however, the claims urged for 
Fibonacci to such an early date, appear to rest on very slen* 
der authority. Targioni Tozzetti, about sixty years ago, dis- 
covered, in the celebrated Magliabecchi library, a manuscript 
with this inscription : Incipit Liber Abbaci, compositus a Leonar- 
do, Jilio Bonacci, Puano t in anno 1202. Some time afterwards, 
Zaccaria found, in the Ambrosian library, another enlarged 
manuscript by the same author, treating of mensuration or geo- 
desia, and bearing date 1220. Now, we are left merely to 
guess at the age of these copies, nor can the dates attached to 
them be considered as fixing any thing but the opinion of the 
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transcribers. Besides, in the older forms of the digits, the 
character of 4 very nearly resembled that of % I am, inclin- 
ed, therefore* to believe, that both those tracts of the son of 
Bonacci were only the same work, and ought to be referred IP 
the year 1420. This view of the matter would recoppjle the 
various discordant facts. All the early treatises of Arithmetic 
in Europe, being formed after Arabian models, bad common- 
ly subjoined to them some portions of Algebra gnd of Practical 
Geometry. But is it not in the highest degree improbable 
that, if Leonard had once taught his townsmen of Pisa the use 
of the denary numerals, an art so useful and so simple could 
have been ever lost i No certain traces of th$ digital arith- 
metic are found among the Christians, before the close of tb4 
fourteenth century; and from this epoch, the knowledge of it, 
diffused by commercial intercourse, appears to have beep soon 
conveyed from Italy to France, Germany and £nglagd. Trea- 
tises on the subject of calculation were now composed in dif- 
ferent parts of Europe, and the noble art of printing camp 
moat opportunely to multiply their circulation and perpetuate 
their influence* 

fcote XII.— Page i#T< 

Pythagoras brought from the East a passion for the mystical 
properties of numbers, under the veil of which he probably con- 
ceaied some of bis secret or esoteric doctrines. He regarded 
Number* as of divine origin, die fountain of existence, and tj# 
model and archetype of all things. He divided them into a 
variety of different classes, to each of which were assigned dis- 
tinct properties. They were prime or composite, perfect or im- 
perfect, redundant or deficient, plane or solid ; they were tri- 
angular, square, cubic, or pyramidal. Even numbers were held 
by that visionary philosopher as feminine, and allied to earth ; 
but the odd numbers were considered by him as endued with 
masculine virtue, and partaking of the celestial nature. 

Unii 9 or monad, was held as the most eminently sacred, as 
the parent of scientific numbers. Ttoo, or the duad i was 
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viewed as the associate of the monad, and the mother of the 
elements, and the recipient of all things material ; and three, 
or the triad, was regarded as perfect, being the first of the 
masculine numbers, comprehending the beginning, middle, 
and end, and hence fitted to regulate by its combinations the 
repetition of prayers and libations. It was the source of love 
and symphony, the fountain of energy and intelligence, the 
director of music, geometry, and astronomy. As the monad 
represented the Divinity, or the Creative Power, so the duad 
was the image of Matter ; and the triad, resulting from then- 
mutual conjunction, became the emblem of Ideal Forms. 

Bat Jour 9 or the tetrad, was the number which Pythagoras 
affected to venerate the most. It is a square, and contains 
within itself all the musical proportions, and exhibits by sum- 
mation all the digits as far as ten, the root of the universal 
scale of numeration ; it marks the seasons, the elements, and 
the successive ages of man ; and it likewise represents the car- 
dinal virtues, and Che opposite vices. The ancient division of 
mathematical science into Arithmetic, Geometry, Astronomy, 
and Music, was four-fold, and the course was therefore term- 
ed a te tract 1/8, or quaternion. Hence Dr Barrow would ex- 
plain the oath familiar to the disciples of Pythagoras : " I 
swear by him who communicated the Tetractys" 

Five, or the pentad, being composed of the first male and 
female numbers, was styled the number of the world. Re- 
peated any how by an odd multiple, it always re-appeared ; 
and it marked the animal senses, and the zones of the globe. 

Six, or the hexad, being, composed of its several factors, was 
reckoned perfect and analogical. t It was likewise valued, as 
indicating the sides of the cube, and as entering into the com- 
position of other important numbers. It was deemed harmo- 
nious, kind and nuptial. The third power of 6, or 216, was 
conceived to indicate the number of years that constitute the 
period of metempsychosis. 

Seven, or the heptad, formed from the junction of the triad 
with the tetrad, has been celebrated in every age. Being un- 
productive, it was dedicated to the virgin Minerva, though 
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possessed of a masculine character. It marked the series of 
the lunar phases, the number of the planets, and seemed to 
modify and pervade all nature. It was called the horn of 
Amalthaea, and reckoned the guardian and director of the 
universe. 

Eight, or the octad, being the first cube that occurred, was 
dedicated to Cybele*, the mother of the Gods, whose image in 
the remotest times was only a cubical block of stone. From 
its evenly composition, it was termed Justice, and made to sig- 
nify the highest or iaerratic sphere. 

Nine, or the ennead, was esteemed as the square of the triad. 
It denotes the number of the Muses, and, being the last of the 
series of digits, and terminating the tones of music, it was in- 
scribed to Mars. Sometimes it received the appellation of 
Horizon, because, like the spreading ocean, it seemed to flow 
round the other numbers within the Decad : For the same 
reason, it was also called Terpsichore, enlivening the produc- 
tive principles in the circle of the dance. 

Ten, or the decad, from the important office which it per- 
forms in numeration, was, however, the most celebrated for 
its properties. Having completed the cycle, and begun a new 
series of numbers, it was aptly styled apocatastasic or periodic, 
and therefore dedicated to the double-faced Janus. It had 
likewise the epithet of Atlas, the unwearied supporter of the 
world. 

The cube of the triad, or the number twenty- seven, express- 
ing the time of the moon's periodic revolution, was supposed 
to signify the power of the lunar circle. The quaternion of 
celestial numbers, one, three f Jive, and seven, joined to that of 
the terrestrial numbers, txoo, Jour, six, and eight, compose the 
number thirty* six, the square of the first perfect number six, 
and the symbol of the universe, distinguished by wonderful 
properties. 

But it would be endless to recount all the visions of the 
Pythagorean school ; nor should we stop to notice such fan- 
cies, if, by a perpetual descent, the dreams of ancient Philoso- 
phers had not, in the actual state of society, still tinctured our 
language, and mingled themselves with the various institutions 
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of civil life; The mystical properties of number*, originally nur- 
sed in the sombre imagination of the Egyptians, were eager- 
ly embraced by the Jewish Cabbalistic writers, and afterwards 
implicitly adopted by the Fathers of the Christian Church. But 
those fancies maintained an ascendancy in public belief until a 
yery late period, nor were the Reformers themselves exempt 
from their influence. Luther, whose vigorous mind was yet deep- 
ly tinctured with the credulity of his age, was accustomed to 
venerate certain numbers with a species of idolatry. Peter 
Bungus, canon of Bergamot, published* in 1585, a thick quar- 
to, De mysticis numerorum significationibus> chiefly with a view 
to explain some passages in the Old and New Testament. The 
famous number of the Beast, 666, which has so often tortured 
the ingenuity of the expounders of the Apocalypse, is regarded 
by some Divines as of Egyptian descent, the. archetype of the 
three monads, and combining the genial and siderial powers; 
being indeed only the sum of all the terms of the magic square 
of 6, the first of the perfect numbers, and dedicated to the Sun. 
But we still see the predilection for Luther's favourite num- 
ber, seven, strongly marked in the customary term of appren- 
ticeships, in the period acquired for obtaining academical de- 
grees, and in the legal age of majority. 

Note XIII.— Page 128. 

The Chinese appear* from the remotest epochs of their 
empire, to have entertained the same admiration of the mys- 
tical properties of numbers that Pythagoras imported from the 
East. Distinguishing numbers into even and odd, they con- 
sidered the former as terrestrial, and partaking of the feminine 
principle Yang; while they regarded the latter as of celestial 
extraction, and endued with the masculine principle Y. The 
even numbers were represented by small black circles, and 
the odd ones by similar white circles, variously disposed and 
connected by straight lines. The sum of the five even num- 
bers i tW6> fours ***» right* &fcd ten, being thirty, was called the 
number of the JEArth / but the sum of the f^re odd numbers 
one, three, Jive, seven, and nine, or twenty -five, being the square 




<£ • <> 
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of five, was styled the number of Heaven. The nine digits 

were likewise <voooo * 

grouped in two *^» ^^y^ fT 

different ways, 

termed the £o- 

cAok, and the 

Ho-tou. The n Ol ^0 

former expres- <s ^^^d 

sion signifies the o 

Z?o0£ o/Yfo riwr 

£o, or what the 

Great Yu saw 

delineated on 

the back of the 

mysterious tortoise which rose out of that river : It is here 

represented. 

Nine was reckoned the head, and one the tail of the tortoise ; 
three jmd seven were considered as its left and right shoulders, 
and your, and txvo f eight and six, were viewed as the fore and 
the hind feet. The number Jfoe, which represented the heart, 
was also the emblem of Heaven. It need scarcely be obser- 
ved, that this group of numbers is nothing but the common 
magiC'Sguare of the nine digits, each row of which makes up 
fifteen. 

As the Lo-chou bad the figure of a square, so the Ho-tou had 
that of a cross. 

It is what the WHKKKW 

Emperor Fou-hi •' * 

observed on the 
body of the J 

horse-dragon, I ^V^V*^ 

which he saw 2 9 ^w^w*^ 

spring out of • I 
the river Ho. J 

The central t ^^ 

number was fen, " ^° 

which, it is re- 
marked by the 
commentators, terminates all the operations on numbers. 
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Note XIV.— Page 132. 

From the data given by Ptolemy, the ratio qf the diameter 
to the circumference of a circle may be derived somewhat 
differently. Since the length of the arc of one degree, con- 
sidered at equal to its chord, is 1&.50" in sexagesimal parts 
of the radius ; the circumference of a circle, whose diameter 
is unit, will be denoted by 3.8'£, the triple of that measure. 
Wherefore, the diameter is to the circumference of a circle, as 

1 to 3^, or as 60 to 188$, that is, as 120 to 877. If, from these 
numbers again, the corresponding terms 7 and 2? of the Ar- 
ch i median approximation be respectively subtracted, there will 
remain the ratio of 113 to 355, which is the expression assign- 
ed by Metius. 

It has b#en very generally supposed, that no nearer approxi- 
mation to the ratio of the circumference to the diameter of a 
circle, than that of Archimedes, was known to the Mathema- 
ticians of Europe before the time of Vieta. This opinion, 
however, is unquestionably erroneous. Purbach, the great 
restorer of science, who flourished move than one hundred 
years before that period, expressly says, in his introduction 
to a compend of Ptolemy's Almagest, which he had been able 
to study only through the medium of a corrupt Latin version 
from the Arabic, that the Greek astronomers made the cir- 
cumference of a circle to consist of 377 degrees, of which 
the diameter contains 150 (120), having deduced this esti- 
mate from the side of the inscribed decagon, which amounts 
to 27 (37) degrees and 4 minutes nearly. But no such pas- 
sage occurs in Ptolemy's preliminary book on chords. It 
is true, that from the side of the , inscribed decagon, or 
37°4'55", he computed the chord of 24°, or the difference 
between 36° and 60°, and afterwards derived the chords of the 
successive bisections of this arc, till he found that of l£o to 
be l e 34'15", which gives, consequently, in the same pro- 
portion, 1°2'50" for the chord of 1°. The Arabian commen- 
tators must, therefore, have spontaneously drawn the inference 
already stated, that the diameter of a circle, being divided 
into 120 parts, will include 377. They had also given a diffe- 
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rent form to the same conclusion ; for Purbach subjoin?, that 
some authors make the diameter to be to the circumference 
in the ratio of 20000 to 62832, the same evidently as 1 to the 
decimal expression 3.1416. He further adds, that the Indians 
allege the ratio to be the same as that of 1 to the square root 
of 10, if such a number were capable of extraction. This 
differs widely, however, from the truth, though the famous 
philologer Joseph Scaliger afterwards proposed it, with most 
presumptive dogmatism, as an absolute quadrature of the circle. 
It may be remarked, that the sines near the beginning of the 
quadrant, calculated to seven places of figures by Purbach's 
disciple and successor, Regiomontanus, would afford a nearer 
approximation. Thus, the sine of half a degree expressed sexa- 
gesimally and centesimally, is ,52359, which, being multiplied 
by 6, and marked decimally, gives 3.14154, for the circumfe- 
rence of a circle whose diameter is 1. 

Note XV— Page 174. 

It should be remarked, that the ancient Greeks distin- 
guished the Theory from the Practice of Arithmetic, by se- 
parate names. The term Arithmetic itself was restricted by 
them to the science which treats of the nature and general 
properties of numbers ; while the appellation Logistic was ap- 
propriated to the collection of rules framed to direct and fa- 
cilitate the common operations of calculation. The ancient 
systems of Arithmetic, accordingly, from the books of Euclid 
to the numerical treatise of Boethius, are merely speculative, 
and often abound with fanciful analogies. 

The Logistic or Practical Arithmetic of the Greeks, though 
unavoidably encumbered by the triplicate form of their nume- 
ral notation, had, by successive improvements, attained to 
a remarkable degree of perfection. A few select examples will 
explain the mode of operation. Suppose the number 862 were to, 
be multiplied by 523, the process would have been thus con- 
ducted by the Greek Arithmeticians, the several steps being 
for the sake of clearness, marked likewise in modern numerals. 
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Here,in thejirst range, <p multiplied into «, being the same as 40* 
the product of 6 and 5 

augmented ten thousand « £ @ 862 

times, is consequently de- & y 523 



noted by |* or /*;$mul- w „ a 40 . . 

tiplied into \ gives the a ^ i 

same result as 30 or 5 16 . 

times 6 increased a thou* a, <f u* 12 

sand fold, and therefore 4 

expressed by y or * ; and P u • J J 

p multiplied into £, evi- ? ** g ' 6 

dently makes a thousand ui % m « $ 45 826 

or «• In the second range 

» multiplied into « gives the same product as 8 repeated twice, 

and then augmented a thousand times, or denoted by * r ; « 

multiplied to {is equivalent to 6 repeated twice, and after- 
wards increased an hundred fold, or expressed by * <r ; and * 
multiplied by & gives 40, the value of p. In the third range, 
y multiplied into * produces 2400, which is denoted by fi v ; 

y multiplied into { makes 180 or g *• ; and, lastly, y multiplied 
into /3 gives r, the symbol of 6. Collecting now the scattered 
members into one sum, the result of the multiplication of * { /8 

by Q*y is ftt * % r, or 450, 826. 

But the notation of the Greeks was not at all adapted to the 
descending scale. They had no decimals, and to express vul- 
gar fractions they took two different methods. 1. If the nu- 
merator happened to be unit, the denominator was indicated 
by an accent. Thus, 3' signified *,"and %t^ T ; but one-half, 

|>eing of more frequent occurrence, was denoted by a particu- 
lar character, varying in its form, C, ^i, C'> or *£•' 2. In 
other cases, it was the practice of the Greeks to write the de- 
nominator, as we do an exponent, a little above the numera- 
tor, and towards the right hand: Thus, fit* intimated T V, and 
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In illustration of the management of fraction*, I shall take 
all example which is rather complicated, from the commen- 
tary which Eutocius of Ascalon wrote, about the third cen- 
tury of our «ra, on the Tract of Archimedes concerning the 
quadrature of the circle. Let it be required to find the square 
*f avktj 6<*> or I8$&* r . 

(f a "K ti 6>« 18 3 8,V 

<e a \ 7i 0'* 1 83 8JV 

g T y J of g tj j3'" ! 

M M M 8 .... • 

9 • • • • 

MM*' ° l °TT 

$ 



M 6 4* • • • • 

« V • • « 



MM' 

6 4 . <■ 

v % 6 54A 

J?« ff M J ? ^ 3 . . . . 

9 . . 

<y i *i $'* 2 4 . 

2*tV 

24 . 
* d *'« 6 4 

6xr 

81 8 * 



* *" 6 5 4/ T 

2 4.* 



t \ tj a a v a £« craP** 338125l*V rrr 



M 



or, r X * oc <r v |3 Xg>*« or, 3,381,252^ 

This complex process needs no explication : It is only to be 
observed, that to multiply the several integers by the fraction 
-l-p is the same thing as to multiply them first by 9, and then 

divide the product by 11. 
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It may be propter, likewise, to give an example of the mul- 
tiplication of sexagesimals. For this purpose, I shall borrow 
a question proposed by Theon, to find the square of the side 
of a regular decagon inscribed in a circle, or the chord of 36°» 
which, according to Ptolemy's computation, measured in sexa- 
gesimal parts of the radius 37° 4' 55". The multiplication is 
thus effected : 



x£ $ ft 




37° 4' 55" 


K * ft 




37 4 55 


«r|0 gp? (3Xg 




1369' 148" 2035'" 


gfWJ ' IS GK 




148 16 220* 


(Ske ax 




8035 220 


t 


yxi 


3025^ 


aroe 3 i$ i 


XI 


1375' f" H'" 10* 25* 


The square now 


found is 


that of the greater segment of the 



radius divided into extreme and mean ratio, and consequently 
the same as the rectangle under the radius and the smaller 
segment, or 22° 55' 5". But the product of 60° into 22° 55 f 5" 
is 1375', differing only by a very minute defect from the ac- 
tual result. 

From these operations, it is not difficult to conceive how the 
Greeks would proceed in other cases, such as Division and 
the Extraction of the Square Root. 

Note XVI.— Page 175. 

From the Greek word $nP*s, a pebble, came the verb >J^*£w», 
to calculate, and likewise the substantive noun if^*?*^*, de- 
noting calculation. Corresponding to 4^«s, the Romans had 
calculus, a little chalk stone, or counter. Hence, also, various 
phrases used in the Classics : Hie calculus accedat — ponere caU 
culum — cdlculum detrahere — decedere calculum—plurium calculis 
mncitur — calculos movere. The following sentences are extract- 
ed from Cicero : " Quare nunc saltern ad illos calculos rever- 
tamur, quos turn abjecimus ; ut non solum gloriosis consiliis 
utamur, sed etiam paulo salubrioribus." — " Hoc quidem est 
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nimis exigue et exiliter ad calculos vocare amicitiam, ut par sit 
ratio datorum et acceptorum." 

The verb calculare, and the substantive noun calculation 
formed by derivation long afterwards, are considered as bar- 
barous Latinity, though they have been retained in most of 
the modern languages. 

Note XVII.-±-Page 18*. 

When ciphers were first introduced into Europe, it was deem- 
ed necessary to prefix a short abstract of their nature and ap- 
plication. These brief notices are often met with attached to 
old vellum almanacs, or inserted in the blank leaves of mis- 
sals, and frequently intermixed among famous prophecies, most 
direful prodigies, and infallible remedies for scalds and burns. 
In such strange company, the denary characters copied in page 
126 were found, but followed by a neat explication of their 
use. . 

After the present numerals had been generally adopted, it 
was the practice throughout Europe, to reduce the rules of 
Arithmetic, like those of the Latin Grammar, to memorial ver- 
ses. A small tract Composed on that plan, in the reign of 
Edward VI. by Buckley of Litchfield, a fellow of the Univer- 
sity of Cambridge, appears at one period to have gained posses- 
sion of the schools and colleges of England. It bore this title, — 
Arithmetic a Memorativa, sive Compendia ri a Arith- 
metic je Tract at io, non solum tyronibiu, sed etiam veteranis, 
et bene exercitatis in ea arte viris, memoria jwoandae gratia, ad». 
tnodum necessaria : Authore Gulielmo Buclteo, CantabrigiensL 

I shall here extract a few specimens. 
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Numcrorum signa decern sunt, 



Quorum significant aliquid per se omnia, praetor 
Postremnm, nihili quae dicitur esse tigura. 
Circulus haec alias, alias quoque cyphra vocatur, 
Qua) supplere locum nata est non sign tfi care. 
Hi characteres prima si sede locentur, 
Significant se simpliciter, positique secunda, 
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Significant decies se, quod si tertiue illis 
Obtigerit locus, ad centum se porrigit usque 
Summa, locus quartua solus tibi millia fundit, 
Et quartum quintus decies complectitur, huncque 
Taatundem sextus superat quid muka sequens cum 
Quisque locus, soleat decies augere priorem. 

Ratio numeros turn scribendi, turn exprimendi. 
Scripturis numerum a dextris fac incipias, hinc 
In laevam tendens, donee eonscripseris omnes. 
Post signa minimis loca quartemaria punctis. 
Punctaque quot fuerint, totidem tibi railfia mon&trant 
t\ larva vero numesrorum expressio fiat. 



DI MULTIPLICATION!. 

Est numerum in numerum diducere, multiplicare 
Et cujus ductu numerus producitur, in se 
Contineat toties numerum qui multiplicatumf 
MultJ^ticans quotiea in se complectitur unum. 
Scribatur primo numerus, qui multiplicari 
Debeat, et recte sub eodem multiplicantem 
Ponito, ducatur solito mox linea more. 
Et numerum primum seriei multiplicands, 
Mnliiplica in cunotos seriei multiplicands, 
Jnferius scribens quicquid producitur, atque 
Si plures fuerint numeri tibi multiplicantes, 
Omnes in numerum deducito multfplicandum, 
Semper subscribens quicquid producitur, idque 
Recte sub numero scribatur multipHcante. 

£t quia quot fuerint numeri tibi multiplicantes, 
Productos totidem numeros quoque adessse necesse est 
Idcirco hos omnes conjunge per additionem. 
Subacriptus numerus, producing jure vocetur, 
Nam, quam qussrebaa, solet hie producere summam. 

Examen* 
Divide productum, numerum per multiplicantem. 
Si nihil errasti, prodibit multiplicandua. 
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Ostendit numeri quasvisdivisio partes. 
Ponatur numerus, suprema parte secandus, 
lineolasque duas ille supponito rectas, 
Divisor sub iis ponatur parte sinistra. 
Deinjte vide quotiea divisor contineatur 



Hotitf Aim IfcWmATlMl* 3S9 

tn itipnporito ntimetf ^Miftiftff tot*** 
In flgMtiOj mox el flrro6ra& jtotf entttnttt 
MuMpUcaj tbtthntjue $ttfd Wiie prCWriWrtt, attftv 
Supremo ex nun* sroi snjtf* jkmSfido relittutn, 
Transfigens numerum de quo subtraotio facta est* 
Si plufes numeros contingat actesse secandos* 
Divisor dextnra versus tibi promoveatur. 
Unam per seriem, Rursus quoque quaerere oportet 
Divisor quoties in eo, qui dividitur at, 
Et quotientem intra spatium deponere ut ante. 
Sic reliqua adsolvis prorsua> quascunque supersunt 
Nee labor hie quicquam distat, variatve priori. 
Sin, qui dividituf , faerit minor inferior^ 
Supremo Intdcto, divisor profctediatu*, 
Et medio in* Spitio ponatur cyphra, mtfdoqne? 
Hoc fades, dotlfeC simittiaift divisexis dttmeHb 

Modus scribendi residuum. 
Si quid restkerk postquam divisio facta est, 
Id supra scribi divisorem solet omne. 
Inter et hos numeros est Hnea parva traEenda, 
Qu» factum numerum> Hon integrum notet esse. 

Met tortus btevfo comprehefuio. 
Divide, mukiplica, subdue, transfer jue secanteni. 

Per divisorem, quotientem multiplicabis. 
Producto reliquum, a quod fuit, adde, priorque 
Exhibit numerus, nisi te deceperit error. 

nfc mrnmenovtm mkuutB ftVAamafe*. 

QUadtstn* eM atanertim samel in se multiplies**. 
Qnafreve rttdicem, nnmerum est exquirere, qui in se 
Ductus, propositam poterit producere summam. 

Cujus radioem numeri vis quwrere, scribe. 

Descripti alternas punctis signato figuras, 

Iineolasque dual £111 supponifo recta*. 

St quia praeenti anflfe diviso parti est, 

A puneto versus bsvam inclpies operari, 

Quasrendo sub eo digttum, qui multiplicatus 

In se, vel totum, vel magnam tollere partem 

Signati puneto numeri possit digitusque 

Sob puneto in medio spatio seribatur, et inde 

In se dueattfr, productom tolle supremo 

Ex numero, reliquum scribens, ut quando secares 
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Sic novus emergit Drnsor, qui quoties sit 
In supra posito nnmero, querns; 
Invcntunt in spstio sob punctDpone 
Hvnc prinmn in se, mox onraoran par 
MuHipKq, producta duo sniinuaiu snaul 
Fffknant, mnneroquai subdneenda, 

Et renqumn sofiftodebes asuibeie more. 

# 

Daptetnr mrans qaicqaid tibi line* duplex 
Suggerit, et duplmn divisor crit nanus* buncque 
Divide per mnnerum suprema parte relictum, 
Gaeteraqne ejqpedias ouadrando, mukiplicandn, 
Hinc suMncendo, supra ponendo relictum. 
Quod fades donee nraneros percurrem omncs. 

Si semel in rettquo duplum non possh baberi, 
Pone cyphiam in spatio, divisoremqne novate. 



Quadra radicem, quadrato junge rdktum, 
Si modo quid fuerit, numenis si prodeat idem 
Cum prima, recte est, d non opus est iterandum. 

Modo* coBjggmR mmaoVu ear resukuK 
Duplo radicis numerus superadditur unus, 
Froducto numenim mox supra scribe relictum, 
Lineola adjects numeros qua separet ambos. 

Such memorial verses are frequently met with in the older 
books of arithmetic, evidently imitating the Latin Grammars, 
which commonly delivered a mass of rules, in rude and harsh 
metre, — a barbarous practice, not yet entirely laid aside in our 
schools. When arithmetical treatises came to be written in 
English, similar verses were composed for the use of the pupil 
in the vernacular language. This was especially done in what 
are considered as the more difficult branches of calculation. 
Metrical rules for the extraction of the square and cube roots 
may be found in elementary books of a very modern date. It 
deserves to be mentioned, that the great Napier himself did 
not disdain to give, in his Rabdologia, a short and neat set of 
memorial verses adapted to the use of his Rods. 

It may be remarked, that the Greeks of Alexandria some- 
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times framed artificial words, to express certain numbers, by 
combining the significant letters. Thus, ajSggffoS was em* 
ployed to represent the 865 days of the year, the succes- 
sive letters denoting 1, 2, 100, 1, 200, 1 and 60, which being 
added together, make up that number. But the word wXo? 
was a much smoother and happier application, its component 
letters intimating 50, 5, 10, SO, 70 and 200, which give the 
very same amount. 

Note XVII— Page 208. 

The formation of circulating decimals affords a fine illustra- 
tion of that secret concatenation which binds the succession 
of physical events, and determines the various lengthened 
Cycles of the returning seasons*— a principle which the ancient 
Stoics, and some other Philosophers, have boldly extended to 
the moral world : 

Alter erit turn Uphys, et altera qua? vehat Argo 

Delectos heroes : erunt etiam altera bella, 

Atque iterum ad Trojam magnus mittetur Achillea. 



In reverting to the state of numeration among rude nations, 
we learn from Crantz* that the Greenlanders reckon by Jives* 
To express twenty, they open the fingers of one hand four times; 
and to signify an hundred, they show all their fingers and toes 
five times, or say five men. This practice marks very clearly 
the origin of our denary scale. 

From the recent work of Mr Crawford on Java, I am like- 
wise enabled to extract some curious particulars relative to 
the progress of numerals among the inhabitants of the Indian 
Archipelago. It would appear that the same terms for num- 
bers prevail among all the various tribes, from Madagascar to 
New Guineaand the Philippine Isles. The woolly -haired races, 
however, that dwell among the mountains of the Malayan Pe- 
ninsula, have two native words, Nat and Be, for one and two, 
the latter signifying also the younger brother. 

In the Ende language, one of the dialects of the Flores >t /our 
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is called toutu, and eight is denominated merely tmjbur$. The 
tame poverty is betrayed in the terms for the other digits. 
Thus, proceeding from five as the root, n* is expressed by 
five and one, and seven by five and too* 

It is curious that, in the Achinese language, sokorang, which 
is the word for nine, means abating one; and that the corre- 
sponding name in the Malay tongue signifies one taken from the 
heap. The root of the denary scale is thus indicated, and the 
mode of counting backwards resembles the practice of the 
Roman notation, in which nine is denoted by IX. The Java- 
nese reckon likewise to a certain extent in the same way : To 
signify thirty-five, abdfdrtyfive, they say forty abating five and 
fifty abating five* In some cases they mix the ptinary with the 
denary scale, the word faxve for a thread or string denoting 25 ; 
and ekat, a skein of thread, expressing also 50. 

I have already observed that the Mexicans, blending the 
binary and denary scales, carried forward their numeration by 
400 and 8000, the powers of 20 or a score. The Javanese ap- 
pear to have proceeded partly in the same way ; for, in their 
language, the name of one bit of gold signifies 400, and too bits 
800. The Jews, we have seen, followed nearly the same idea; 
the higher numbers as far as a thousand having been represent- 
ed in the ancient Hebrew, by repeating the alphabetic charac- 
ter for 400. 

In the Macassar and Butung languages, the name of an hun- 
dred, or bilangan, means one tate or reckoning. Except the Ja- 
vanese, none of the tribes have any native word for numbers 
above one thousand. All the higher numerals they borrow 
from the Sanscrit, and have even committed a general mistake 
in the application, using the term lacks a y which should denote 
an hundred thousand, to signify only ten thot/sand. 

The Hindu digits may be discovered in the Indian Archi- 
pelago, on monuments of stone and copper, as far back as the 
twelfth century of the Christian sera. They are not however ex- 
actly the Devanagari figures, but contain some mixture of the 
Alphatic characters. This remark deserves attention, since it 
. leads us to conjecture that the Hindus themselves must have at 
first employed the letters of their alphabet to denote numbers, 
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843 



though mi trices of that practice are now said to exist. At what 
epoch the present system of denary numerals was introduced 
into India, it would be difficult to decide. The state of society in 
that warm region has continued through a long tract of ages 
absolutely stationary. It is extremely unlikely that any people 
could, in such a dormant state of existence, hare stumbled on 
the method of denary notation, however simple this may be in 
the conception. The Hindus might probably receive such im- 
provement from seme communication with the inhabitants of 
Upper Asia* They must have been ignorant of the use of ar- 
bitrary numeral characters at the period when Pythagoras and 
Other Greek philosophers visited the East ; and could scarcely 
have yet acquired it about a thousand years afterwards, when 
the Arabians pushed their conquests into those countries, and 
onrefully gleaned the scattered vestiges of knowledge. Ac- 
cording to Avesroes, a celebrated philosopher and physician, 
those ardent people derived from India their acquaintance 
with the system of denary numerals not before the year 
1000 of the Christian sera ; and this account appears to be 
sufficiently confirmed, by a critical examination which some 
Members of the French Institute have made of a manu- 
script work cms astronomy preserved in the library of the 
University of Leyden. This, was the production of £bn Jounis, 
a man of distinguished birth and talents, and a very dili~ 
gent and able observer, who died on the 31st of May 1008. 
He expresses numbers always by the Indian ciphers, which 
the Arabians have called the HinetUi System. It seems a very 
probable conjecture, that the numeral characters were first 
introduced into Christian Europe about the year 1252, by the 
publication of the famous astronomical tables which Alphonso, 
King of Castile, had caused to be constructed at Toledo* Se- 
veral Arabian astronomers, and a Jew physician, at the invi- 
tation of that unfortunate. Prince, computed and arranged the 
numbers ; and as they sought to compress these into the most 
compendious form, they were likely to avail themselves of the 
simple abbreviated characters, thongir this fact is left still on- 
decided. The tables were circulated widely in manuscript, but 
not printed until 1483* after Arabic characters had undergone 
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some modification, and our present numerals had come to be 
generally adopted* 

The numerous Kalendars sent from Spain, and other south- 
ern parts of the Continent, to the different monasteries, had 
spread the knowledge of these numerals orer Europe. But 
after all the researches that I have made, I have not been able 
to discover any certain traces of them prior to the fourteenth 
century* Those Kalendars were often continued by different 
hands ; they had sometimes carried back the series of years ; and 
their titles were frequently conjectural, and affixed long after* 
wards* This is notoriously the case with the Almanack common- 
ly ascribed to Roger Bacon, and calculated for the meridian of 
Tolosa, probably the town of that name in Biscay* In some Ka- 
lendars which I have examined in the British Museum, the Ro- 
man numerals are employed down to the year 1340, and from 
that date, the denary characters in their earlier form are used, 
and continued evidently by a different transcriber. The oldest 
authentic traces of our numerals are preserved in the hand- 
writing of the illustrious philosophical poet Petrarch, which 
appears in the front leaf of St Augustine's Exposition of the 
Psalms, a very beautiful manuscript in vellum, supposed by 
Mabillon to be of the eleventh century, and consisting of two 
huge folio volumes, bound in yellow velvet* It had been sent 
to Milan as a present from the famous Boccacio, and bears 
this inscription : Hoc immensum opus donavit mihi vir egre- 
gius Johannes Boccacius de Certaldo, poeta nostri temporis, 
quod de Florentia Mediolanum ad me pervenit 1355, Apri- 
lis 10. • 

I had lately an opportunity of inspecting this autograph, 
and comparing it with the fac simile, which is tolerably well 
executed in Mabillon. The words are a little contracted, but 
the figures 0, 1, 3, and 5 resemble very nearly those exhibited 
in the first row under the Arabic characters in page 115. The 
authenticity of this inscription is confirmed by a letter of Pe- 
trarch to Boccacio himself, dated from Milan, the 5th Ides of 
May 1355, and containing these expressions : Beasti me munere 



* This date it incorrectly printed 1375 in the text, p. 114. 
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magnifico et insigni ; jab Davidicum pelagus securior navigabo, 
Ac. It deserves, perhaps, to be mentioned, that Petrarch tes- 
tified his regard to Boccacio by the legacy of 50 gold florins, 
to buy him a winter robe for pursuing his nightly studies :— 
Quinquaginta florenos auri de Florentia, pro uno veste hie- 
mali ad studium lucubrationesque nocturnas. 

I stated in the text, that Maximus Planudes was the first 
that adopted the denary notation, in a treatise of arithmetic 
which he wrote in Greek. This person, who is styled the most 
philosophical monk, had evidently taken the numeral characters 
from the Arabic, the forms of which he endeavoured to imi- 
tate by some changes on the Greek alphabet. The 1 was the 
same as at present ; 2 was the letter v f with a tail bending 
from it ; 3 was exactly the jft ; 4 was g, with a twirl ; 5 was a 

(3 reversed or $ ; 6 was a sort of y ; the 7 resembled c r, the 

astronomical sign of Aries ; the 8 was a small capital A ; and 
the 9 was precisely the same as our present character. He 
says that the Indians had a tenth character, called tziphra, in- 
significant by itself, yet serving to fix the rank of others. But 
this word is really Arabic, in which language the phrase tsifron 
zeron signifies entirely void. We have retained only the last : 
term zero in that sense. 



The common multiplication table, for the products of single 
digits, is an instrument quite indispensable in arithmetical ope- 
rations. But the labour of calculation is greatly abridged by 
such a table as I have prefixed to this volume, which exhibits 
at once the product of any two figures into other two figures. 
It would be desirable if the multiplication of three figures could 
likewise be conveniently tabulated ; but the combinations be- 
come then prodigiously increased. Thus, the Pythagorean 
table, disposed in a triangular form, contains only 45 products; 
the table of two digits from 1 to 99 inclusive, arranged in the 
same way, includes 4950 results; a table, however, comprising 
the mutual products of three digits, must include no fewer than 
499500 large numbers. Such a table, it might be supposed, 
could not be condensed into a single volume; and yet, with some 
curtailments and abbreviations, it was actually printed in a 
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very ponderous foHa, only four years b#£pre the papitftl taw 
tion of logarithm. The title of this repsarkable wpri rims |fau§ * 
Tabula* Arithmetioa ifytfartoc*** UniYoraaJ*** ^Wff info* 
sldio numeros quilibet, ex multiplicatiaae predu#eadus, per 
solam additionem, pt quotient quilibet e dimipqo *liciew}us 
per solam subtractioaeaa, sine taadiosa at lubvioft nw)t)&Ifa*< 
tionjs atque divisionis operatione. £ Museo Joannis Gsor« 
gii Herwart ab Hohenburg, Utriusque Juris Doctor!*, &c. 
This curious work was printed at Munich la 161k The 
proposal to perform multiplication and division by mere addi* 
tion and subtraction, might appear to be a real anticipation 
of logarithms, if the principles had not been totally different. 
Napier's first Table of Logarithms, in a very small duodecimo 
volume, came out at Edinburgh in I6i4b* 

JL very simple and ready method of multiplying large num- 
bers may be derived from the property, that the product of 
the sum and difference of any two numbers is eqqaj to the dif- 
ference of their squares. This elegant theorem is easily de* 
monstrated by the operation of palpable arithmetic* Suppose,, 
the marks ^A and Q to denote a larger and a smaller number 

and their sum being expressed by A Q, and their differences 

by ^fe 0> * et their product be signified by mere apposition* 
The process will assume this form 




s 





oe 




The symbols in the middle evidently counterbalance each 
other, so that the result of the multiplication of the sum. and 

difference of 4fc and A is AA Q0> * e difference of 
tfeeir sqiwea. But; the addition of £ £ and Q £ gives 

2* W* th«ir f ubtractiou Jfr ox twice £ and twice Q| ; and 
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cenfequently the square* of the cum and difference of the 
vultiplier* # A and O ^ * re f QUJt timet the squares of 
^fc and 0. Wherefore the product of Q A and 4fc is 

equal to the difference between the quarter-squares of ^fc 
and 0. Hence the difference of the four parts of these 
squares of ^fe and Q will exhibit the product of the sum and 
difference of the same numbers. 

I hare bar* subjoined a table of quarter-squares, extending 
as far as 2000 ; which will hence serve for the multiplication 
of any numbers not exceeding three digits. Thus, to multi- 
ply 826 by 394, their sum is 1220, and their difference 432, 
to which the corresponding quarter-squares are 372100 and 
46656, leaving ao excess of 325444 to express the product. 

Thus, 

824 
396 

372100 



Sum, ........................ 1220 

Difference 432 

Product sought 



... ... ... ... ... 



46656 



325444 

It is evident that the square of every even number is divi- 
sible by four. But the square of the odd number immediate- 
ly above it must acquire an increase equal to the sum of that 
even and odd number, or to twice the even number together 
with unit* The square of any odd number, when divided by 
four, must hence always leave the fraction one-fourth. These 
terminating fractions are, however, omitted in the table, be- 
cause, if the sum of any two numbers be odd, one of them 
must be even and the other odd, and consequently their dif- 
ference is likewise odd ; so that the corresponding quarter- 
squares, both including those fractions, will give the same ex- 
cess when these are rejected. Thus, the product of 753 by 
486 is found to be 365958. 

753 

486 

1239 
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383780 
17822 



365958 
The same table may, by another application, be made to 
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serve for multiplying any two numbers below 2000. The prin- 
ciple is likewise very simple ; for it will appear, from palpable 
multiplication, that the square of the difference between two 

numbers A and £ is equal to AA and £0 the squares of 



those numbers diminished by twice their product : or 



I 



* 



o 
o 




o 
o 



S 



Consequently the square of the difference of two numbers, 
taken away from the amount of their squares, must leave 
twice their product. The quarter-squares of the table being 
therefore used, the remainder will express the half of the pro- 
duct, and must hence be doubled. Thus, suppose 1728 were 
to be multiplied by 1257 : 



1728 
1257 



Add the quarter-squares,... 
Difference, .••..•—•••..... 471 

Subtract ........................... 

Multiply by 2, ..•...•.••.......• 

Product .. 



» ••• ••• ••• M* ••• ••• ••• 



746496 
395012 



1141508 
55460 

1086048 
2172096 



If both the multipliers, however, be odd numbers, the frac- 
tions J, rejected in their quarter-squares, must in this case be 
resumed, because this omission is increased by the first addi- 
tion, and not corrected by the subsequent subtraction of the 
difference, which being necessarily even, its quarter-square 
will be complete. The fractions, however, might be avoided, 
by adding 1 to the double of the last remainder. Suppose 
1847 were to be multiplied by 1359, 



1847 
1359 



Add, > 

Difference, ..... 488 

Multiply by ...... 2 

Product, 



852852J 
461720J 



1S14572J or 

59586 thus, 
1255036$ 

2510073 



852852 
461720 

1314572 
59536 

1255036 
I 2510073 
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2 


52 
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10201 


8 


2 


53 


702 
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10502 


4 


4 


54 
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104 
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204 


10404 


8 


6 


38 
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105 
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6006 
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6 


9 


66 
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10609 


7 


12 


57 
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6162 
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8 


16 


58 
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208 
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9 


20 


59 
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11 


25 
SO 


60 
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61 
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111 


3080 


6480 


211 
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12 


36 


62 
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162 


6561 
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IS 


42 


6S 
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14 


49 
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15 


86 
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5506 
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16 
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6889 


216 
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17 


72 


67 
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18 


81 


68 
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19 


90 


69 
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70 
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25 
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75 


1406 


125 
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36 
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27 
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7852 


227 


12882 


28 
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4422 


185 


8572 


255 


15572 


54 


289 


84 


1764 


154 


4489 


184 


8464 


254 


15689 


35 


S06 


85 


1806 


t55 


4556 


185 


8556 


235 


15806 


86 


524 


86 


1849 


156 


4624 


186 


8649 


256 


15924 


37 


542 


87 


1892 


157 


4692 


187 


8742 


257 


14042 


58 


561 


88 


1956 


158 


4761 


188 


8856 


258 


14161 


59 


580 


89 


1980 


159 


4850 


189 


8950 


259 


14280 


40 
41 


400 
420 


90 


2025 


140 
141 


4900 


190 


9025 


240 


14400 


91 


2070 


4970 


191 


9120 


241 


14520 


42 


441 


92 


2116 


142 


5041 


192 


9216 


242 


14641 


43 


462 


95 


2162 


143 


5112 


195 


9512 


245 


14762 


44 
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45 
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95 
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46 
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48 
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49 
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15500 
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40804 
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118680 


759 


136550 


540 


72900 


590 


87025 


640 


102400 


690 


119025 


740 


136900 


541 


73170 


591 


87320 


641 


102720 


691 


119570 


741 


137270 


542 


73441 


592 


87616 


642 


103041 


692 


119716 


742 


157641 


543 


73712 


593 


87912 


643 


105362 


693 


120062 


745 


138012 


544 


73984 


594 


88209 


644 


103684 


694 


120409 


744 


138584 


545 


74256 


595 


88506 


645 


104006 


695 


120756 


745 


138756 


546 


74529 


596 


88804 


646 


104329 


696 


121104 


746 


139129 


547 


74802 


597 


89102 


647 


104652 


697 


121452 


747 


159052 


548 


75076 


598 


89401 


648 


104976 


698 


121801 


748 


139876 


549 


75350 


599 


89700 


649 


105300 


699 


122150 


749 


1402501 


550 


75625 


600 


90000 


650 


105625 


700 


122500 


750 


140625] 
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r»OX 751 to 1000. 








751 


1410001 801 


160400 


851 


181050 


901 


902950 


951 


226100 


752 


141376 


802 


160801 


852 


181476 


902 


203401 


952 


226576 


753 


141752 


803 


161202 


853 


181902 


903 


203852 


953 


227052 


754 


142129 


804 


161604 


854 


182329 


904 


204304 


954 


227529 


755 


142506 


805 


162006 


855 


182756 


905 


204756 


955 


228006 


756 


142884 


806 


162409 


856 


183184 


906 


205209 


956 


228484 


757 


143262 


807 


162812 


857 


183612 


907 


205662 


957 


228962 


758 


143641 


808 


163216 


858 


184041 


908 


206116 


958 


229441 


759 


144020 


809 


163620 


859 


184470 


909 


206570 


959 


229920 


760 


144400 


810 


164025 


86 
861 


184900 


910 


207025 


960 


230400 


761 


144780 


811 


164430 


185330 


911 


207480 


961 


230880 


762 


145161 


812 


164836 


862 


185761 


912 


207936 


962 


231361 


763 


145542 


813 


165242 


863 


186192 


913 


208392 


963 


231842 


764 


145924 


814 


165649 


864 


186624 


914 


208849 


964 


232S24 


765 


146306 


815 


166056 


865 


187056 


915 


209306 


965 


232806 


766 


146689 


816 


166464 


866 


187489 


9T6 


209764 


966 


233289 


767 


147072 


817 


166872 


867 


187922 


917 


210222 


967 


233772 


768 


147456 


818 


167281 


868 


188356 


918 


210681 


968 


234256 


769 


147840 


819 


167690 


869 


188790 


919 


211140 


969 


234740 


770 


148225 


820 


168100 


870 


1 89225 


920 


211600 


970 


235225 


771 














. 




148610 


821 


168510 


871 


189660 


921 


212060 971 


235710 


772 


148996 


822 


168921 


872 


190096 


922 


212521 


972 


236196 


773 


149382 


823 


169332 


873 


190532 


923 


212982 


973 


236682 


774 


149769 


824 


169744 


874 


190969 


924 


213444 


974 


237169 


775 


150156 


825 


170156 


875 


191406 


925 


213906 


975 


237656 


776 


150544 


826 


170569 


876 


191844 


926 


214369 


976 


238144 


777 


150932 


827 


170982 


877 


192282 


927 


214832 


977 


238632 


778 


151321 


828 


171396 


878 


192721 


928 


215296 


978 


239121 


779 


151710 


829 


171810 


879 


193160 


929 


215760 


979 


239610 


780 
781 


152100 


830 
831 


172225 


880 
881 


193600 


930 
931 


216225 


980 


240100 


152490 


172640 


194040 


216690 


981 


240590 


782 


152881 


832 


173056 


882 


194481 


932 


217156|982 


241081 


783 


153272 


833 


173472 


883 


194922 


933 


217622|983 


241572 


784 


153664 


834 


173889 


884 


195364 


934 


218089|984 


242064 


785 


154056 


835 


174306 


885 


195806 


935 


2185561985 


242556 


786 


154449 


836 


174724 


886 


196249 


936 


2]9024|986 


243049 


787 


154842 


837 


175142 


887 


196692 


937 


219492 


987 


243542 


788 


155236 


838 


175561 


888 


197136 


938 


219961 


988 


244036 


789 


155630 


839 


175980 


889 


197580 


939 


2204S0 


989 


244530 


790 
791 


156025 


840 


176400 


890 
891 


198025 


940 
941 


220900 


990 
991 


245025 


156420 


841 


176820 


198470 


221370 


245520 


792 


156816 


842 


177241 


892 


198916 


942 


221841 


992 


246016 


793 


157212 


843 


177662 


893 


199362 


943 


222312 


993 


246512 


794 


157609 


844 


178084 


8^4 


199809 


944 


222784 


994 


247009 


795 


158006 


845 


178506 


895 


200256 


945 


223256 
223729 


995 


247506 


796 


158404 


846 


178929 


896 


200704 


946 


996 


248004 


797 


15880? 


847 


179352 


897 


201152 


947 


224202 


997 


248502 


798 


159201 


848 


179776 


898 


201601 


948 


224676 


998 


949001 


799 


159600 


849 


180200 


899 


202050 


949 


225150 


999 


249500 


800 


160000 


850 


180625 


900 


202500 


950 


225625 


1000J250000 
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VBOM 1001 TO 1250. 



1001 



250500 



1002251001 



1003 
1004 
1005 

1006 
1007 
1008 
1009 



1010 255025 ,1060 280900 



1011 



1012 256036 



1013 
1014 
1015 

1016 
1017 
1018 
1019 



1020260100 



1021 
1022 
1023 
1024 
1025 

1026 
1027 
1028 
1029 
1030 



1041 
104'; 
1043 
1044 
1045 



251502 
252004 
252506 

253009 
253512 
254016 
254520 



1051 
1052 
1053 
1054 
1055 

1056 
1057 
1058 
1059 



255530 



256542 
257049 
257556 

258064 
258572 
259081 
2595901 



260610 
261121 
261632 
262144 
262656 

263169 
263682 
264196 
264710 
265225 



1031 265740 

1032 266256 
1055266772 
10342672891 
1035267806 

1036268324 
1037 268842 
1038269361 
1039269880 
1040270400 



270920 1091 



271441 
271962 
272484 
273006 



1061 
1062 



1063 282492 



1064 
1065 

1066 
1067 
1068 
1069 



1070286225 



1071 
1072 
1073 
1074 
1075 

1076 
1077 
1078 
1079 
1080 



1081 
1082 
1083 
1084 
1085 

1086 
1087 
1088 
1089 
1090 



1092 
1093 
1094 
1095 



1046 27352911096 300304 
27405211097300852 



1047 

104812745761 

1049 275 IOC 

1 2 050 275625! 



276150 
276676 
277202 
277729 
278256 

278784 
279312 
279841 
2803701 



281430 
281961 



283024 
283556 

284089 
284622 
285156 
285690 



286760 
287296 
287832 
288369 
288906 

289444 
289982 
290521 
291060 
291600 



292140 
292<$1 
293222 
297764 
294306 

294849 
295392 
295936 
296480 
297025 



297570 
298116 
298662 
299209 
299756 



11098 301401 
1099301950 
[llOO|302500 



01 



02303601 



03 
04 



304152 
304704 
05305256 



06305809 



07 
08 



09307470 
10308025 



11 



12309136 
13309692 
14310249 
15310806 



16 

17 

18 

19313040 

20313600 



21 
22 
23 
24 
25 



26 

27 
28 



32 
33 



48 



303050(1151 



306362 
306916 



308580 



311764 
311922 
312481 



314160 
314721 
315282 
315844 
316406 



316969 
317532 
318096 
29318660 
30319225 



31 319790 



320356 
320922 
34321489 
35 322056 



36 322624 
37323192 
3H 323761 
39 324330 
40324900 



4113254701 
42 326041 
433^6612 
44 327184 
45527756 



47 528902 



329476 



49 530050 

50 330625 



1152 
1155 
1154 
I 



531200)1201 
551776 
552552 
552929 



155 335506 



11561534084 

1157 

1158 

11595558201 

1160556400 



1161 
1162 
1163 
1164 
1165 



33*66% 
555241 



5569801 

557561 

35814^ 

538724 

559306 



1166559889 

1167 

1168 

1169 

1170542225 



540472 
341056 
941640 



1202 561201 
1205561802 
1204562404 



1205565006 



1206 
1207 
1208 



1209565420 
1210566025 



1211 
1212 



1215567842 



1214 



1215569056 
1216569664 



1217 
1218 
121 



57027^ 

370881 

9571490 



1220572100 



11715428 

1172 

11755459821 

11745445691 

1175 



10H1221 3727101 
54559611222575521 

1223 575952 

1224 574544 
24515611225575156 



1176545744 

1177 

1178546921 

1179547510 

1180548100 



548690 
549281 



1181 

1182 

1 

11841550464 

1185551056 



183349872 



1186351649 1236381924 
1187352242 1237 582542 
1188^52856 1258 585161 
1189553450 1259585780 
1 1901554025 1240 384400 



.\s> 



11911554620 
1192555216 
1195555812 
1194556409 
1195557006 



46 528529 1196357604 



1197 
1198 



558202 
558801 



1199J559400 
1200,360000 



560600 



365609 
564212 
564816 



366630 
367236 



568449 



1226|575769 
1227 



576582 
576996 
577610 



1228576996 
1229 

1250378225 



125! 578840 

1252 379456 
1255 
1254 
12351381306 



580072 
580689 



585020 
585641 



1241 
1242 

1243 586262 

1244 586884 

1245 587506 



1 246 5881 29 
588752 
589576 



1247 
1248 
1249590000 
1250J590625 



254 TABLE OF QUARTER-SQUARES. 



VMM 1251 TO 1500. 



391250(|)301 



1251 
1258)391870 
1255 392502 
1254 8931291 
1255393756 

1256394384 

1257395012| 

1258395641 

1259396270 

1260396900 



423150 

423801 

13031424452 



1302 
1303 
1304 



1305425756 

1306426409 

1307 427062! 

1308 427716 
1309428370 
1310429025 



425104 



1351 
135S 



1553 457652 



1554 
1555 



1356459684 



1357 
1358 



460362 
461041 



1359461720 
1360 462400 



45650ft 



456976 1402 



458529 
459006 



1401 



1403 
1404 



4907001 
491401 
492102 
492804 



1405493506 1455 



1406494209 1456599984 



1407 
1408 



1409496320 1459532170 



1410497025 



526350 
1452(527076 



1451 
452 

1455)527802 
1454528529 



494912 1457530712 



495616 



599256 



1458531441 



1460532900 



1261 



397530 



1262398161 
1268398792 
1264399424 
1265400056 



400689 
401322 
401956 



1266 
1267 
1268 
1269402590 

1270403225 



1271 



403860 



1272404496 
127^405132 



1274 



405769 



1275406406 

1276407044 

1277 
1278 
1279 



407682 
408321 
408960 



1281 
1282 
1283 
1284 



410240 
410881 
411522 
412164 



1285412806 

1286413449 
1287 



1288 
1289 
1290 



1291 
1292 
1293 
1294 



414092 
414786 
4 5380 
416025 



1511 



429680 



1312430336 
1513430992 
1314 
1515 



1361 463060 
1362465761 
1865 464442(11415 



1411497730 
1412498456 



431649 
432306 



1364465124 



1516432964 



1365 



465806 



1566466489 



433622 
454281 



1317 
1518 
1519434940 
1320435600 



1367 
1368 
1369 



467172 
467856 
468540 



1521 



1370469225 



436260 



1322436921 



1280409600 1350442225 



1295419256 



1296 
1297 
1298 



416670 
417316 
417962 
418609 



419904 
420552 
421201 
1299:421850 
1300!4225<X)b 



1323] 
1324 
1325 



437582 
438244 
438906 



1371 



469910 1421 



1 372 470596 1 422 SOS69 1 



1326439569 



1327 
1328 
1329 



440232 
440896 
441560 



1373 
1374 
1375 

1576 
1377 
1578 



471282 
471969 
472656 

473344 
474032 
474721 



442890 
443556 



1331 
1532 

Itl 533 444222 
1534 444889 
1535445556 



1379475410 
1360476100 



1381 
1562 
1385 



476790 
477481 
4781721 



1384478864 



1336 
1337 
1338 



446224 
446892 
447561 



1339448230 



1585 

1386 
13»7 
1388 
1389 



479556 

480249 
480942 
481656 
482550 



499142 
1414 499849 
14155005561 

1416501264 



1461 563630 
1462554361 
1463555092 
1464535824 



1465 



536556 



1466537289 



1417 



501972 



1418502681 



1419 



503590 



1420504100 1470540225 



5048 JO 



11428 
1429 



1340 



448900 



1341 



449570 



1390483025 



1342450241 



1343 
1344 



450912 
451584 



1545452256 



1546 



452929 



1547453602 



1348 
1549 



454276 
454950 



13501455625 



1391 433720 1441 

1392 484416 1442 

1393 485112 1443 
1394485809(1444 

1445 



595 486506 
1596 487204 



1597 



487902 1447 



1398 488601 
1599 489300 



1400 



490000' 



1425 
1424 
1425 

1426 



506232 
506944 
507656 

508569 



1467 
1468 
14695594901 



558022 
538756 



1471 



540960 



1472541696 



1427509082 



509796 
5105)0 



1450511225 



5119401 
512656 
513372 



1451 

1432(512656 
1453 

1434514089 
1435 514806 

I436I5I5524 

1437 

1458 

1439 

1440 



1483549822 
1484 550564 



516242J 
516961 
517680 
518400 



519120 
519841 



521284 
522006 



1446 522729 



523452 
1448 524176 
1449524900 



1475 
1474 



542432 
545169 



1475545906 



1476 

1477 

1478 

14791546860 

1480547600 



544644 
545382 
546121 



1481 



548340 



1482549081 



1485 



551306 



1486552049 



)487 
1488 



552792 
553556 



1489554280 
1490655025 



1491 
1492 



555770 
5S6S16 



520562 1495557262 



1494 
1495 



556009 
556756 



1496559504 
560252 
561001 



1497 
1496 

1499561750 
1450|525625||l 50 0(562500 
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peok 1501 to 1750. 



1502564001 
1503564752 
1504565504 
1505 566256 

1506567009 



1501 



565250 



1507 
1508 
1509 



1511 
1512 



1514 



567762 
568516 
569270 



1510570025 



570780 
571536 



1513572292 



573049 



1515573806 

1516574564 
1517575322 
1518 576081 
1519576840 
15201577600 



1521 



1522579121 
1523579882 



1524 
1525 

1526 
1527 
1528 
1529 



1530585225 



1531 585990 
1532586756 



1533 
1534 
1535 



1534588289 



1541 
1542 



1544 



1546 
1547 
1548 



578360 



580644 
581406 

582169 
582932 
583696 
584460 



587522 
588289 
589056 



589824 
590592 



1536 

1557 

1538591361 

1539592130 

1540592900 



593670 
594441 



1545595212 



595984 



1545596756 



597529 
598302 
599076 



1549599850 
1550«600625 



1551 
1552 
1553 
1554 
1555 

1556 
1557 



1558 606841 



1559 



1560608400 



1561 
1562 
1563 
1564 
1565 

1566 
1567 
1568 
1569 
1570 



1581 
1582 
1583 



1591 
1592 
1593 
1594 
1595 

1596 
1597 
1598 
1599 



601400 
602176 
602952 
603729 
604506 

605284 
606062 



607620 



609180 
609961 
610742 
611524 
612306 

613089 
61S872 
614656 
615440 
616225 



1571 617010 
1572617796 
1573618582 

1574 619369 

1575 620156 

1576 620944 

1577 621732 

1578 622521 
15796235101 
1580624100 



624890 
625681 
626472 



1582625681 



1584627264 
1585628056 

1586)628849 

1587 

1588 

1589 

1590 



629642 
630436 
631250 
652025 



632820 
653616 
654412 
635209 
656006 

656804 
637602 
658401 
659200 



16006400001 



1601 
1602 
1605 
1604 645204 

1605 



1606 
1607 
1608 
1609 
1610 



161 1 648850 

1612 649656 
1615650442 
1614651249 
1615652056 

1616652864 
1617655672 
1618 654481 
16196552901 
1620656100 



1621 
1622 
1625 



1651 
1652 
1655 
1654 



1645 
1644 
1645 

1646 
1647 
1648 



640800 
641601 
642402 



644006 

644809 
645612 
646416 
647220 
648025 



656910 
657721 
658552 



1624659544 
1625660156 

16266609691 

1627661782| 

1628 

16296654101 

1630664225 



665040 
665S56 
666672 
667489 



1635668506 

1656669124 
1657669942 
1658670761 
1659671580 
1640672400 



16416752201 
1642674041 



674862 
675684 
676506 

677529 
678152 
678976 



1649679800 1699 



165016 8062 5 
S 



1651 
1652 
1655 
1654 
1655 

1656 
1657 
1658 
1659 
1660 



1661 
1662 
1665 
1664 
1665 

1666 
1667 
1668 
1669 
1670 



1671 

16721 

1675699752 



1674 
1675 

1676 
1677 
1678 
1679 



1681 
1682 
1685 
1684 
1685 

1686 
1687 
1688 
1689 
1690 



1691 
1692 



1694 
1695 

1696 
1697 
1698 



1700 



681450 
682276 
685102 
685929 
684756 

685584 
686412 
687241 
688070 
688900 



689730 
69056 1 
691592 
692224 
695056 

695889 
694722 
695556 
696590 
697225 

698060 
698896 



700569 
701406 

*02244 
705082 
705921 
704760 



1680705600 



706440 
707281 
708122 
708964 
709806 

710649 
711492 
712336 
713180 
714025 



714870 
715716 



1693716562 



717409 
718256 

719104 
719952 
720801 
721650 
722500 



1701 
1702 
1703 
1704 
1705 

1706 
1707 
1708 
1709 
1710 

1711 
1712 
1713 
1714 
1715 

1716 
1717 
1718 
1719 
1720 



1721 
1722 
1723 
1724 
1725 

1726 
1727 
1728 
1729 
1730 



1731 
1732 
1753 
P34 
1755 

1756 
1737 
1758 



1740 



1741 
1742 



1744 
1745 

1746 
1747 
1748 



1750 



725550f 

724201 

725052 

725904 

726756 

727609 
728462 
729316 
730170 
751025 



751880 
752756 
733592 
734449 
735306 

736164 
737022 
737881 
738740 
739600 



740460 
741321 
742182 
743044 
743906 

744769 
745632 
746496 
747360 
748225 



749090 
749956 
750822 
751689 
152556 

753424 
754292 
755161 



759756050 



756900 



757770 
758641 



1745759512 



760584 
761256 

762129 
765002 
765876 



1749764750 



765625 
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won 1751 10 SOOa 



17511 



1753 767376 
1753768252 
1754769129 
1755770006 

1756770884 



1757 
1758 



1759 773520 
1760774400 



1761 
1762 
1763 



1764777924 



1765 

1766 
1767 
1768 
1769 
1770783225 



1771 
1772 



1773785882 



1774 
1775 



1777 
1778 
1779 
1780 



1781 



1791 
1792 
1793 
1794 
1795 



7665001 



11801|810900f)1851 
1809811 



771762 
772641 



775280 
776161 
777042 



778806 

779689 
780572 
781456 
782340 



7841 10 
784996 



786769 
787656 



1776788544 



789432 
790321 
791210 
792100 



11801 
1803)812702 
1804 813604 



1805 814506 1855 860256 



1806 815409 



1807 
1808 
1809 
1810 819025 



792990 



1782793881 
1783794772 
1784795664 
1785796556 

1786T797449 
1787 
1788 
1789 



798342 
799236 
800130 
1790801025 



801920 
802816 
803712 
804609 
805506 



1811 

18121820836 

1813 



1814 822649 
1815 



1816 824464 

1817 825372 

1818 826281 

1819 827190 
1820828100 1870 



1821 
1822 
1823 
1824 
1825 



1837 
1838 
1839 



1841 
1842 
1843 
1844 
1845 



816312 
817216 
818120 



819930 
820836 
821742 
822649 
BS5556 



829010 1871 



829921 
830832 
831744 
832656 



1826 833569 1876 

1827 834482 1877 
1828835396 1878 
1829 836310 1879 
1830837225 



856550) 
18521857476 
1853 958402 



1854 



18561861 
1857 
1858 
1859 



1860864900 



1861 
1862 
1863 
1864 
1865 

1866 
1867 
1868 
1869 



1872 
1873 
1874 
J 875 



1831 838140 1881 

1832 839056 1882 
1833839972 1883 
1834840889 1884 
1835841806 1885 



1836842724 1886 889249 



8436421 
844561 
8454801 



1840846400 



1888 
1889 



847320 
848241 
849162 
850084 
651006 



1796806404 1846851929] 

1797 807302 1847 85285* 

1798 808201 1848 853776 
1849854700 

1800i81000o!ll85O!85562 



1891 
1892 
1893 
1894 
1895 

1896 
1897 
1898 



1900 



859329 



184 
862112 
863041 
363970 



865830 
866761 
867692 
868624 
869556 

870489 
871422 
872356 
873290 
874225 



875160 
876096 
877052 
877969 
878906 

879844 
880782 
881721 
882660 
1880883600 



884540 
885481 
886422 
887364 
888306 



1887 890192 



891136 
892080 



1890893025 



893970 
894916 
895862 
896809 
897756 

898704 
899652 
900601 



1899901550 



902500 



901 1*03450)1 
902P0440II 
52 
906304 



90X905351 



904 

9051907256 

906908209 



907 
908 
909 



911 



909162 
910116 
91)070 



910 912025 



912980 



912913936 
913914892 
914 915849 
9159168061 

916917764 
917 918722 
918919681 
9199206401 
920921600 



921 9225601 

922923521 

923924482 

924925444 

925926406 



926 
927 
928 



930 



92736.9 
928332 
929296 



929i930260 



931 



933 
934 



931225 



932190 



932933156 



935936056 



936 
937 



938 9381961 



939 



940940900 



941 

942 
943 
944 
945 

946 
947 
948 
949 



934122 
935089 



937024 
937992 



939930 



9418701 

942841 

945812 

944784 

945756 

946729 
947702 
948676 
949650 



951 
952 
I J 953 
954 
955 

956 
957 
958 
959 
960 



961 
962 
963 
964 
965 

966 
967 
968 
969 
970 



971 
972 
973 
974 
975 

976 

97 

978 

979 

980 



981 
982 
983 
984 
985 

986 
987 
988 
989 
990 



991 
992 
993 
994 
995 

996 
997 
998 
999 



950(9506251^000 



951A0C 
953576 
953555 
954529 
955506 

956484 
957462 
958441 
959490 
960400 



961380 
962361 
963342 
964394 
965306 

966289 
967272 
968256 
969240 
970995 



971210 
972196 
973182 
974169 
975156 

976144 
977152 
978191 
979110 
980100 



981090 
982081 
983072 
98i4064 
9a5056 

986049 
987042 
988036 
989050 
990025 



991090 
999016 
993012 
994009 
995006 

996004 
997002 
998001 
999000 
1000000 
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This application of a Table of quarter-scjaaref, as it is de- 
rived from the simplest principles, might have readily occurred* 
to a mathematician ; yet I have no where seen it brought into 
practical use, till last summer I met with, at Paris, a small 
book by Antoine Voisin, printed in 1817* It contains a table 
of quarter-squares for the multiplication of whole numbers 
from 1 to 20,000, with an explanation of the mode of employ- 
ing them. The author appears to be a man of some inge- 
nuity, but not to possess correct notions of science ; for 
he entitles his little work " Tables des Multiplications, ou 
LogarMmes des Nombres Entiers," though the numbers 
which it contains have undoubtedly no relation whatever to 
Logarithms. The specimen which I have given will perform 
the multiplication of all numbers not exceeding three places 
of figures. It would be of great service, however, in facili- 
tating many calculations, to have the whole table reprinted, or 
perhaps even extended to 200,000, which might be condens- 
ed into a moderate-sized volume. — The numbers are found by 
dividing the ordinary series of squares by 4 ; but the table is 
more easily framed, by adding always the half of the root, 
omitting the fraction when this is odd. Thus, beginning at 10, 
the square of it is 100, of which the fourth part is 25, the num- 
ber inserted. If now the half of 11 or 5, omitting the frac- 
tion, be added, it will give SO for the next number; and, add- 
ing to this 6, or the half of 12, we obtain 36 for the quarter- 
square of 12. The successive additions for 13, 14, 15, 16, drc. 
are 6, 7, 7, 8, &c. making 42, 49, 56, 64, &c. 



We have noticed that Planudes was among the first who a- 
dopted the denary characters. He did not however perceive all 
the advantages resulting from this admirable contrivance. In 
his arithmetical operations, he follows nearly the logistic pro- 
cess of the ancient Greeks. I shall here select an example 
from Planudes, of compound multiplication, which he per- 
forms by an inverted process, retaining mentally the figures to 
be carried, and only setting down the results. Suppose 432 
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were to be multiplied by 264, the operation would proceed 

114018 



264 
First, the terminal figures 4 and 2 being multiplied, give 8, 
which is written above on the right ; then cross multiplying 2 
into 6 gives 12, and 5 into 4 also 12, making together 24, of 
which the 4 is set down and 2 retained; next, multiplying 
crosswise again, 4 times 4 is 16, 2 times 2 is 4, and 8 times 6 
is 18, making in all, with the 2 carried, 40, of which the is 
written down, and the 4 retained ; again, 4 multiplied bj 6 
gives 24, and 8 by 2 gives 6, which added, make 30, and, with 
the 4 carried, 84* of which the 4 is set down and 8 retained ; 
and, lastly, 4 times 2 is 8, which, augmented by 8, the figure 
carried, makes 11, to complete the product. 

Flanudes remarks, that this mode of multiplication is very 
difficult to perform with pen and ink, but much easier with 
sand strewed on a table, because, in the progress of the work, 
the figures can be rubbed out, and others formed in their place. 
And such, we know, is the general practice of the Orientals. 
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